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ABSTRACT

A method for the computation of confidence intervals for

circular error probability (CEP) based on first order variance

estimates was introduced in 1966. It was later found that

under certain conditions the resulting confidence intervals

for CEP were smaller than expected. As a result a second

order variance estimate method was developed, at the Johns

Hopkins University Applied Physics Laboratory, which greatly

improved the accuracy of the confidence intervals for CEP.

The purpose of this thesis is to develop and test procedures

for the 3-dimensional case to obtain a second order estimate

for variance of spherical error probability (SEP).
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THESIS DISCLAIMER

The reader is cautioned that computer programs developed

in this research may not have been exercised for all cases of

interest. While every effort has been made, within the time

available, to ensure that the programs are free of

computational and logic errors, they cannot be considered

validated. Any application of these programs without

additional verification is at the risk of the user.
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I. INTRODUCTION

A. BACKGROUND

In 1966 W.R. Blischke and A.H. Halpin [Ref. 1] first

described methods for the computation of confidence intervals

for circular error probability (CEP) based on first order

variance estimates. When these procedures were implemented at

the Johns Hopkins University Applied Physics Laboratory (JHU-

APL) it was found that under certain conditions the resulting

confidence intervals for CEP were smaller than expected. As

a result R.C. Ferguson, K.V. Kitzman and P.B. Jackson [Ref. 2]

have extended the Blischke-Halpin procedures tc create a

second order variance estimate. Testing conducted by Kitzman

[Ref. 3] has confirmed that this method produces a more

accurate estimate for the variance of CEP.

Our goal will be to extend this procedure to the 3-

dimensional case to obtain a second order estimate for

variance of spherical error probability (SEP).

B. METHODOLOGY

We begin by assuming that missile detonations are

distributed as trivariate Gaussian. In the past, analysis of

ballistic missile test firing data has failed to disprove this

assumption. If the mean and variance are given by:

1



012 013

021 022 C023

F31 032 033

Then the probability of a detonation occurring within a

distance R of the origin is given by:

P(R;,, fp, 1 exp- l-(X-iV) TZ -'(X-I.)}dxldx 2 dK3fo (V2-) 3 2

where,

x1

X X2

X3

q2 = det[E],

and D = {(x,x 2 ,x 3)Ix 2+x+x32 R2}.

By the implicit function theorem, -2 > 0 implies that the

equation F(R;p,,) = CONSTANT defines a differentiable function

2



R(4, E) such that ! /p, E); ,= CONSTANT. If the CONSTANT is

set to -1 then R(p,.Z) is the SEP function. Let XI,X 2,...,X be

a random sample of independent and identically distributed

random vectors with distribution N(p,F2) . Then the maximum

n

12/=

n

(Xi-A)T(x-). - - When 4 and 2 replace 4 and E in the
n,=1

equation PrR;4,E) = 1 then RG2,t) gives SEP, an estimator of
2

SEP.

The second-order approximation for the variance of SEP is

given by:

a t (D,,U;SEp)Tp(D.F.SEP)

2 ,,pSE) NPOP)(D A.SEP)

+1 f( r~ 2~ 1

(0 SEP

where EU = (011,02 0122 2,31, 0 33)7, D,1 1 SEP is the derivative of

SEP with respect to p, u viewed as a column vector, D2,,SEP is

3



the usual second derivative matrix (or Hessian) of SEP with

respect to p., Zu, p T P;U1 is the variance-covariance

matrix 4, 2u, 0 is the tensor product operation and the

underline notation is used to represent the column vector

formed by stringing out the elements of the matrix by rows.

For example, if A = 1 21 then = [1 2 3 4 ]T Note that 4 is

13 4

distributed N(p,1Z) so PP - - It can also be seen thatn2
n n

has a Wishart distribution with parameter Z, so that

PE = 2 (ZOE) The complete derivation of equation (1), based
n

on Taylor Series expansion, is given in appendix A.

4



Since j and 2 are independent [Ref. 4:p. 102] it follows

that P,. 0 and equation (1) can be written as:

2[aSEP 
T (asEP) ( aSEP T pBSEP)

t--QLPLJ Ir + j -l•

Derivation of the first order terms in equation (2) has

been accomplished by S.D. Hill at JHU-APL [Ref. 5]. In order

to solve for the second order terms it will be necessary to

f fo2 SEP 2SEP SEP i it is2expressions fand i t )sa

22

yto find D2USEP, the second derivative matrix of SEP

with respect to its arguments. Chapter II will describe the

derivation of the secord order variance estimate and Chapter

III will discuss implementation and testing of the algorithm.

Conclusions will be presented in Chapter IV.

5



II. DERIVATION OF THE SECOND ORDER ESTIMATE

A. FIRST ORDER TERMS

We begin by describing the derivation of the first order terms

given in equation (2). If we define:

F xl IX21,X3;l,) exp{ 1 ~- e (P)

where

aF11 12 a 13 0 12 a 21
]- =121 220231 , 013 =031

021 22 233 32

[o31 32 a33 023 032

(x ( =(Xl-ti)2011 +2(xj- Lj)(X2- 2),g 2l +2(xl-li)(x3 -113)(y 3 1
+(X2 - L)2)0 +2(x 2 - ll 2)(X3 - U2)o3 +(x 3 - 3 ) a3

and

g(p, 0,€; E, ) = F(psinfcos¢, psinOsin4, pcos; p, Eu).

Then, with a shift to spheilcal coordinates, we see that:

= (J Z)3q 1 1w R 0 p 2 s0 i n0 g (p ' e ' 4 ; V, Eu)dpd~d4" (3)

6



We wish to solve equation (3) for each of the partials

aSEP where X = (I'l 1 13' al , 121 013, 0221 023,' 33). From the

axi

previous section, R(p,.) = 1 is the SEP function, so we need
2

to solve for the partials - R

Taking partials of equation (3) we see that,

P'(R) OR _ ( / q fdx, dx (4)

and

Pk(R) 2f 2 'f'sinO gR,6,t)dOd.

We can solve the right hand side of equation (4) for

i=1,2,3 by using the relationships

- g = _ _ () g = _ a _ g a g a c _
ap1  8x ap 2  ax2  Op3  Ox3

7



so we see that

-fff - dxx 2 dx, = fffg 9dxidx2dx3

D 'D a'

If we apply Green's Theorem to this equation and then make

a shift to spherical coordinates we get:

-fff--dx d, = R 2 2 cosOsin 2Og(R,O,t)dOd

ffj a dx dx = 2 2 nCsin2g(R R ,)d(d

12 0

ax3f 1g d K2dx 3 R 2fcosEsin~g(R, ,,)dd

D 3

To solve the right hand side of equation (4) for i=4, ... ,9

we first note that:

2 8g ija2g _ ac0]
ap~ap2  ag

a0ij

8



so we get

r1a ag
ag 2 J axap ' ~

aol, f a ag *
axj ail1

which is used to evaluate the integral of -9 as follows:

_fff agd d ddXcc 2 ~~f 2  1 o1p s i nO c os4- 111) + (3 (p s in6 s i i- V2 )
D a'4- f,"fo

+ GY 3(p Co So -V)]c os4 sjin2 Og(R, 0, )d~d4)

-ff-~cx. 2 d 3 =R~f[11(psinEcos4)-pj)+o2sin~simt
4 ,p)

+ol13 (pCoSe -V3 )]Sin4 sin 20g(R, 4, ))d(4

_fff _xg d~1d2d3 2 2

-ff--idxdc2x = o if 2 fo21r(psinocos~ipl) +02(psinftin -V)

+Q213(pCOSO-p,)]siln2g(R, , d4

R 2 f 1 Kpsin(sinoVj) C22( intnq., 2

+a12 3(pCoSe -V,)]sin4n2 Og(R, , 4)dd

9



a 2

+C 3 3 (pCoSe- p3L)]sin2Og(R, 0, ,$)zdd(

If we define the functions:

j~, , k, j(R; ji, Z u) = fo 2t 0cosi(j)cosk(1)_qR, 0, 4i)c2d4

5 5~j,k, j(R; , u) = f 2 
71fo" s in i j ))s ink(1) g(R, 0, 4) dOd4

Extending the work of Blischke and Halpin, with the aid of

Green's Theorem, we can see that:

aS F ,E)= f 2 21,1,1 S 2, 1.1, 1 SCI,2,0,0 1 (5)
[SC1 ,1 ,0 0 SC1 1,0 0 2SC1, 1, 0, 0J11X"), )

10



aSC2,1,1,1
ap1

2 aSS2 , 1 1 , 1cap,

asc1 ,2,0,0
aSEF , Z u) 1p (6)1asF~L~)- 11(6)

aEu 2 SCj. 1. 0 .0  SS2.1.1 1
'aP2

aSC1, 2, 0,0

aP2

aSC1,2,0,0

Applying the partials given in equation (6) to the

partials -fff Iag dx~dx2dx3 given above we see that:
D ali

aSEP 1 .- [4o11w9 +2c12 11 +0J1 3 (W - W2 )]
a11l 2 w5

- we(O 1 1 12 V 2+0 IL 3))

SEP 1 a 12 W1 , ()

0012 W54
- W1 0(0 11 11, + (12~ P+G13 113))

a S E P = 1 R 1 W - W + a 1 W 3 - W ) + 3 1 W , + W ]
a13 2 5

-W6((o 11, V -1 12 P 2 +(713 V.L'j

11



aSEP 1

-E 2'wI  Cy 2CCI, 023, W

aoY22  2 w5~ 4 [2olw 1 +4 2 W12 0 3 W3 4)]

-w10(ol 2 p, +o22p2 +02 3p)

P2 I= C , 3 ))

0023 1w 2f [a 2(w., -W2) +022( 3 -w4)+ 2 3 (w7 + W5)]

- w,5(a 12 V +022 iL2 +G23 V 3)}

aSEP I - a13 (w -W2) + ( 2 3 W3 - W4)+C 3 3(W + W)]
a033 4w

-w6(G 13 11 +023 V 2 +03 V 3 ))

where MR;pL,Eu) is given by:

WI CC 1 1 1 1 ,

w2 = CC,, 3, 1, 1
w3  = CSI,1,1,

W4 = CS 1, 3 . 1 ,1

W5 = SC 1 ,0, 0

MR; IL, ) 6 ,2,0,0

w7 = SC1, 3 , 0 0

WS = SC 2 , 1 , 1 ,1

w9 = SC 3 , 1 .2,1

wlO = SS2.,1,1

W11 = SS31.1,2

W12= SS3.1.2.1

where each of the functions is evaluated at R(p,Eu),V,Eu.

This completes the derivation of the first order terms

required in the computation of the variance estimate.

12



B. CONCEPT FOR DERIVATION OF THE SECOND ORDER TERMS

We first observe that equations (5) and (6) enable one to

express D EUSEP as a composition of three functions

T1, T2 and T3 , each of which is a fairly simple function of its

arguments.

Explicitly,

D.pUSE14L,Zu) =TIoT 2OTI(P.,EU)

where,

T,= KEEE ,) =

T2 (p, Zu, R) =

13



W8

Ws

W10

w5

WE

2 w,

R(401 W9 +2012 W11 +o13(w1 -w 2)) 1W2 +1 2 + 3 )

W5 R2 R

4WR ( 1 1 (W 1 -W )+ 1 2 (W3  -w 4 )+ 03(w 7  + ,) a l- 1

__a (2O12w. +40 2 2w 12 +0 21(w3 -wi))- W1 (.U12,1 +022 2 +0 2 3p 3)

R 12 +a22+o231)
-o 1 2 (w 1 -w 2 )+ 22(W3 -W 4 )+o 2 3 (W.7 W5 ))- -6 (12+0212+3 3

R WE13 23
8 (1 3 (W-W 2 )+0 2 3 (W 3 -w 4 )+ 3 3 (W7 +W 5 ))-- (y 1 +G3P2 +o 3 )

since D,,F.SEF<4I,EU) = T3oT2 oTjiWIu) we may apply the chain

rule to obtain the second derivative as a matrix product:

D 2 :USEI p,Fu) = DT3(ToT,(p, Z u))-DT,(Tl(p, .u)).DT,(p, u). (7)

The simplicity of the functions T1 , T2 and T3 means that

the derivatives DT1 , DT2 and DT are easily obtained and then

the rather large matrix products involved in DT 3"DT'2 DT can be

left to the computer leading to a rather painless computation

of DzuSEP.

14



DT, (the total derivative of the function T1 ) is the 10x9

matrix consisting of the 9x9 identity matrix (from ,1u)),

with the tenth row consisting of the partials of SEP with

respect to mu and sigma.

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0

DT,= 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

aSEP aSEP aSEP aSEP aSEP aSEP aSEP aSEP aSEP
av1  a 2  (3V 3  aul a(712 a113 a822 3(23 a°33

DT is the 22x10 matrix consisting of the 10xlO identity

matrix (from d, U'R)), with rows 11 to 22 consisting of the
dL, ZU, R)

12x10 sub-matrix of partials of W with respect to g±, Zu and

R.

15



1 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 0 0 0

DT2 = 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 1
awl awl awl awl awl aw,. aw, awl aw, awl
a4, aa2 a3 a1l a12 o013 a22 a123 ao33 aR

aw12 aw2 aw12 aw12 aw12 aw12 aw12 awl2 aw12 aw2

a i a2 a43 aa11 812 80,13 (022 a823 a(333 aR

DT is the 9x22 matrix consisting of the partials of

ui(i=1 .... 9) with respect to 4, Zu, R and W.

- 1 (1x3)- -(1x6) (IXl) a(1X2)

DT3 = 8u9 8w 8ul2)8U9- (I.x3) a-9(Ix6) a u9( x a 91 12

Thus, in order to obtain the second degree variance

estimate given in equation (2) we must solve for the values of

all elements of DT,, DT 2 and DT 3 . Once these values are

computed, the solution is found by the matrix multiplication

16



shown in equation (7), yielding the 9x9 matrix of second

partials of SEP with respect to mu and sigma.

The values of the DT, elements are computed from equations

(5) and (6). The determination of DT2 requires the evaluation

c3W aW ada
of a-, and- which is fully described in appendix B.

aR

Finally, to solve for the elements of DT3 it is necessary to

solve for each of the partials given above. The evaluation of

these partials is given in appendix C.

17



III. IMPLEMENTATION AAD TESTING

A. PROGRAMMING

02
The calculation of O P the second order approximation for

variance of SEP (when .i and E are known) has been implemented

in the FORTRAN program SEPCMP which is provided in appendix D.

The following steps are followed to obtain the approximation:

- Input the distribution mean (M) and variance-
covariance matrix elements (Zu).

- Compute SEP using 4 and E.
- Compute the values of each element of the matrices

DTI, DT2 and DT3 and then form the matrix product
comprising the second derivative of SEP with
respect to p and EU. The first derivative of SEP
with respect to p and Zu is then given by row 10
of the matrix DTI.

- Calculate the variance-covariance matrices of
(P,) and of 2 (PL) from Z.

- Form the SEP variance approximation using equation
(2).

Computation of SEP given p and Eu is based on the PL-l

program RAP provided by JHU-APL. RAP is a general program

which provides the radius of coverage for any probability in

the interval (0,I) for either 2 or 3 dimensions. Those

portions of the program applicable to this problem, ie.

probability = 0.5 and 3 dimensions, have been used in the

FORTRAN subroutine FINDSEP to obtain SEP. Derivation of the

equation used to compute SEP is given by L. S. Simpkins [Ref.

6] and is implemented in the subroutine FINDSEP using Gaussian

18



Quadrature (via the IMSL subroutine QTWODQ) to evaluate the

required double integral.

Gaussian Quadrature is also used to evaluate each of the

double integrals in the W, CC, CS, SC and SS functions, which

are required in the evaluation of the matrices DTI, DT2 and

DT3.

B. TESTING

The purpose of deri ing the second order approximation of

the variance of SEP is to yield more accurate confidence

intervals for SEP. The approximation of these confidence

intervals is derived from the fact that since 4 and 2 are

maximum likelihood estimators of it and E and thus SfP is

asymptotically Normal with mean SEP. Thus, for example, an

approximate 95% confidence interval for SEP is given by

SEP ± 1. 96 varSEP) -

In order to test the affect of using the second order

approximation for the variance of SEP, tests of confidence

interval coverage were conducted as follows:

- Sample 30 random vectors from 1, ) and compute

4 and 2 for the sample.
- Calculate SEP from 4 and .

^'2
- Calculate os P by replacing j and 2 for p andE

in both the first order and second order

approximations for the variance of SEP.
- Compute the large sample approximation 95%

confidence intervals for SEP using SEP±1.96 2

19



- Repeat 1000 times to calculate the percentage of
times that confidence intervals based on each
approximation cover the true SEP.

- For each input variance-covariance matrix, Z,
repeat the test at different magnitudes of the
mean.

Trivariate normal random vectors are obtained using the

IMSL subroutines DCHFAC and DRNMVN. DCHFAC performs Cholesky

factorization of the distribution SIGMA which is then used as

an input to DRNMVN which returns the desired random vector.

The estimates of P, and PE are found by replacing IL and

E with A and 2 in the formulations of P and P. given in

Chapter I. The results of this test are summarized in Table

1.

TABLE 1. 95 PCT CONFIDENCE INTERVAL COVERAGE

SIGMA MU FIRST ORDER SECOND ORDER
CI CI

1.0 0.8 0.9 0 94.6 95.2
0.8 1.0 0.8 0
0.9 0.8 1.0 0

1.0 92.8 93.3
1.2
0.8

100 -160 270 0 93.3 94.2
-160 400 -480 0
270 -480 900 0

100 95.6 95.8
250
500

10,000 3,000 2,000 0 93.3 93.8
3,000 10,000 3,000 0
2,000 3,000 10,000 0

8,000 93.5 94.0
10,000
12,000

20



These results indicate that there is little accuracy to be

gained by using the second order variance approximation.

There is, however, a situation in which the second order

approximation becomes important. This case has been described

by K. V. Kitzman [Ref. 3] and is paraphrased here.

Weapons system targeting can be measured from separate

subsystems (such as navigation, guidance, postboost, etc.).

Suppose tnat there are n independent subsystems and let

Xil,..,Xim-iid N(p.,) represent the errors for the i-h subsystem

i = , ... ,n, then the impact errors for the weapons system are

n lid
Yj Xii j=l,...,m and Y,,., yi-dN(1 =n LE =nE)

If the Y's are measured directly and used to estimate.iz

and E y (to get the system SEP) then PY - m and
m m

2 (Y v v 2n 2

= m (V&). If on the other hand the individual

n
X's are available from the subsystems then 4y where

i=i

n
iLX and Py = mE(Xjj-^y ) (Xjj-Py). Then P. -2 and

nj =1

21



-Z -Y = 2nThe significant factor is that the estimate of

P,. differs from the first estimate by a factor of n while the

estimate of PY remains unchanged. Thus as the number of

subsystems becomes larger and the number of observations

becomes smaller the size of P; can become very small in

relation to P.. As the mean approaches 0 it follows that

aSEP approaches 0 as well and thus the contribution of P, to

the estimate can become insignificant even though it is large

in relation to the P. term.

This affect has been examined as follows:

- Divide p and I by n, the number of iid subsystems
being simulated.

- Draw m random samples from the distribution given
by this new p and E for each of the n subsystems.

- Calculate A and 2 for each of the n subsystems.
- Sum the n estimates to get a total A and £, the

estimate for mean and variance in Y.
- Compute confidence intervals for SEP using both

the first and second order approximations with

= n and P - In(V ).

This test was conducted with n = 4 and m = 5. The results

of this test are given in Table 2. As can be seen, the effect

is greatest when the mean is 0, and decreases as the mean

becomes larger, which is what would be expected.
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TABLE 2. 95 PCT CI COVERAGE, MULTIPLE SUBSYSTEMS

SIGMA MU FIRST ORDER SECOND ORDER
CI CI

100 -160 270 0 92.4 97.6
-160 400 -480 0
270 -480 900 0

5 91.4 94.8
10
20

25 89.4 92.2
50
80

50 92.6 94.4
150
200

To test the sensitivity of the second order variance

approximation procedure to the assumption that the detonations

are normally distributed, tests were conducted in which random

vectors were drawn from a mixed normal distribution. The test

is conducted in the following manner:

- Prior to each sample obtain random variable p from
U(0, 1) distribution.

- If p is less than .98 then draw a sample from
N(LZ) and proceed.

- if p is greater than .98 then draw a sample from
Akg,I0*Z) and proceed.

- Continue until 30 samples have been drawn, then
compute all values and proceed as above.

This procedure simulates a distribution with the same mean

but larger tails than the normal distribution. The confidence

interval coverages are then compared to those obtained in the

base case from the same input distribution. The results of

this test are summarized in Table 3.
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TABLE 3. 95 PCT CI COVERAGE, MIXED DISTRIBUTION

SIGMA MU FIRST ORDER SECOND ORDER
CI CI

1.0 0.8 0.9 0 86.6 87.6
0.8 1.0 0.8 0
0.9 0.8 1.0 0

1.0 91.2 91.8
1.2
0.8

100 -160 270 0 88.2 88.4
-160 400 -480 0
270 -480 900 0________

100 91.5 92.4
250
500 ________

10,000 3,000 2,000 0 79.3 80.4
3,000 10,000 3,000 0
2,000 3,000 10,000 0 ______ ______

8,000 85.6 86.2
10,000

L_ _ _ _ _ _ _ _ _ _ _ _ 12,000 _ _ _ _ _ _ __ _ _ _ _ _ _ _ _

24



IV. CONCLUSIONS

Examination of the results in Table 1 shows that the

second order approximation procedure provides a slight

improvement in the 95% confidence interval coverage. The real

utility of this method is brought out by the results of the

multiple subsystem test shown in Table 2, where confidence

interval coverage improves by as much as 5%. Since this case

represents the actual situation in missile testing (i.e. very

small mean and independent system observations) it is

reasonable to state that use of this procedure will improve

the estimate of the variance in SEP. Furthermore it seems

highly unlikely that there would be any advantage to be gained

by pursuing a higher order estimate of the variance of SEP.

The mixed distribution test shows that the second order

approximation is only slightly more robust than the first

order approximation if the distribution is actually from a

mixed and not a true normal. It also indicates that if the

variance is extremely large then the affect of the mixing is

greater than for the smaller values and that only a few

extreme values are required to greatly reduce the confidence

interval for the estimate.
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APPENDIX A

In order to derive the equation for the second order

approximation for variance of SEP (equation (1)) we start by

noting that the second order Taylor Series Expression for the

SEP function is given by (ignoring the remainder term):

SEFX) = SEP(X) +[D,, ,SEF ,X)] TA X+ 4AXIfD. 2,SE(X)]A X2

where X, D,,,SEP, and DzESEP are defined in the text, X is the

vector consisting of the maximum likelihood estimators for

each element of A and AX = 1-L. Our goal then is to find an

approximation for the variance of SEP(X). Because SEP(l) is

asymptotically unbiased and the mean square error

4(SEPX) - SEPX)) 2] = Var(SE(X)) +(4SEX)]- SEPiX))2 ,

we can get this approximation by looking at E[SEP(l)-SEP(X)]2
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Applying the tensor identity ABC = A®CTB to the last term

and then transposing we can write the second order Taylor

equation as:

SE(X)-SEF(X) [D,LSEp(X)]TAX j(AX70A X [D,'jSE'1X)

Now we note that since E l) = X it follows that QAX) = 0.

If we square each side and take the expected value we see

that:

SEFl) -SEXX)1 2 = [D4, E.SEc(X)] T4A )A 2][D, Z.SEtX)]

In order to evaluate 4(AX®AX)(AX®AX)] we note that

var(AXOA X) = 2(SR) (FOP) (SR)T (Ref. 7:p. 44] where the matrix

SR has the following qualities (Ref. 7: pp. 32-38]:

- SR is symmetric
- (SR) (SR) = SR
- 2 (SR) .uO.v) = +y .2
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for example, if u and v are of dimension 2 then

2 2
SR=

0--0
2 2

00 01j

Then since,

and

if we define P to be 4[AXAX ] var(AX) we see that

var(A X®&A X) +EA X®A X)[E4A XQDA)] T = 2SRPPP)(SR) T4.p

= 2(SR) T(GP(SR)+EZ
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2

Since D ,, SEP is a symmetric matrix it follows that

(SR)D,.zSEP = D.ZSEP and we see that:

E[SE.p()-SEp)X)] j2 = [Dr. ESEP(X)] T[D,,.SE(X)]

+ 1 D,,,:SE(X)] T~~D EO[PSE(l)]

12 '1~ 2
+.D~S ](~ TE4D L.ySE(X)j

which in turn is approximately equal to the variance of

SEP(l .

Finally, since E is a 3x3 symmetric matrix, we need only

describe the unice terms (which we have denoted by Zu) to

arrive at the -- ond order equation for SEP given by equation

(1).
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APPENDIX B

A. APPROACH

It is seen that each of the 12 W1 functions consists of

a double integral of cos and sin functions multiplied by the

function g(Rsin~cos4?,Rsin~sin4 ,Rcos). Each of the required

derivatives carries through the integrals, so that we need to

evaluate each in respect to the function g.

we will first evaluate each of the partials of g, and then

carry these through to the functions Wi.

Recall,

g(R, O,i) exp{ i[(Rsin~cosio -gl)2011

" 2(Rsin~cos4 -kL)(Rsin~sin4- 2)C12

" 2(Rsin~cos4 -p1j)(RcosO-pL)0Y1 2

" (Rsinfsin~- pL2 2C2 2

" 2(Rsinesin,-V 2)(RcosO-± 3)023

" (RcosO-VL3)o.33 1}
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If we define the vectors Al, A2 1 A3 and A. by:

sin 2OCOS24
2 sin 2 OS(Sin~p

A, 2sin~cosOcos4
1 sirx2Osin 2

2 sin~cos~sin4t

Cos 219

sin~cos4pl1
sinftin~p,+sinOcoS4p2

A2 cos6Vl+sin~coS4,P 3
A2  sin~sin4)P2

COSOV.2 +sin~sin4)ji

A3  1 i 29 1 P 2 2PlP3 L2 2VP 3T

Rsin~cos4 -Vl

A4 =Rsinfsin( -V2

RcosO-V 3
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Then treating R as an independent parameter and taking the

partial with respect to R we have:

- 9-= g-(Y-'(Rin 2 6OS 24 -VjsinOcos4)

+012 (2Rsin2 cossin4-pisinEsin4 - 2 Sin~cos4t)

+cJ13(2Rsifl3oOcos4 -I±1lCOSO-. 3sifcos4 )

+ Cy2 2 (Rsin 2()3in 24-pLsin~sin4))

+02 3(2RsilOsil4)cosO- 2CoS- 3SiOsil4))

+ u13 (Rc OS2( 0-V3OS 0)}

-(F,1 )jR-Aj-A2j

Similarly, we derive:

ag =g- a 1 iRsincost-j.) +012 (Rsifl0si -p 2) +0 13 (Rcos0-P3)}

a__ = g-JO 2 (Rsin0cos4t-p,) +0 2 2 (Rs in~s ink -p 2 ) +0 2 3 (RcosO3-PA)
2v

gf a 2a22 a 2 3 ]A 4}

___ g{0u13 (Rsil0cos-pL) +0 2 1(RSin0in - 2) + 33(RCos#- 3)}
a3

g. {a 13 G 23 a 3 3]A 4}
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In order to derive the partials with respect to sigma we

will first generate the partials aij and the partials of 2

30kl q

with respect to akl. These values are given below.

all 012 013 022

a _(11011 _012011 _013011 033 _022011

aa11  q2

- -2a 11012 -033 -2 o12012 023 -2 13012 -2022012
ao12  q2  q2

a -2011013 023 2012013 -022 2013013 -2013 222013

aG 1 3  
C2 q2 q 2

a 03 011022 _12022 -013 -013022 _22 022

a0 22  q2 q2

a -2023 _2011o23 013 _2o12 23 012 _2013023 _2o22 23

a023  q 2  q2 q2

a 022 _011033 -012 012033 _013 33 01.l _022033
a9033 q2 q 2 q 2

023 3

a -023 _ 23011 022 33011 -011

ao911  q2 q2 2q

a ___ - 322 - 23 2023012 -2 y233112 -y12

(y012 q2 q2 q

a G12 -2023 13 -2o33013 -013

aoF13  q2 q

a 23Y22 all- C33C22 -022

a0 2 2  q2 2q

a -011 -2 23 023 -2o33023 -023

oG23 q2 q

a -023033 -033a33 -033

ao 33  2q
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We can now use these values to find the desired partials:

ag1 g-f j[(RsincosiO-j~L)(a1)2
122

+2(Rs in~cos4-L)(RcosO -P 3) 01 3 ,U1 1

+(sin i~-PI~2)(Ga 220a11 033)

+2(Rsin~sin(O,.L)(Rcos)()a 23 a11 + _23)

+(RcosO )2(0a33 1102j-G"1

g.{1 1 R2(B -1) uA -2RaI1 (E-1) uA 2 +G11(E 1 uA])

+ 'O0 0 '333 023 -(22 [R 2 A-2RA+A31q 2  q 2  TIJ 1 2  J

g{I0o11(nr1)U + 0 0 -(", 023 -022)1R2A. -2RA2+A3]- ~aq 2  q 2  q 2  
13 2 J

Following this same methodology it is easy to see that:

a3g g a 12(Z1 ) U+(0 _f3 -('232 0 -('13 _SI2)[R 2 Ai-PA - 1
122q 2  2q 2  2qA 2 q1 21

ag g a 3( 1) U+(0  -(13 2 0 13 __2_ [R2_,-R 2A -a1
a0~y1 3  2q q2 2q 2  2q3 12 )R2-

a~ g J12(ZL)U 0G33 0 _13 0 0 V1IR 2A,-2+~AL0-2L

22 a qL q 2  q22
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ag = g o 2 3 (E)U 023 -013 o12 0 o 0)][R2 -2 A3 2

y23 g q2 2q 2 2q 2  2q2

a g = g .J 3 3 Z - 1 U ( - 2 2 1 o ~ -a l l 0 R 2 A - R A ] - -1
__ q 2  q 2  02

We are now able to calculate each of the partials of theW1

by simply computing the effects of the four A vectors on the

original W functions and applying the formulas derived on the

previous pages. We will carry through the complete derivation

for W, and then show the solutions for the other cases. Since

the vector A 3 does not involve trigonometric functions, it

will not be necessary to compute any partials for it.
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B. PARTIALS OF W1

7 = =C,1 1 fo2fcosOcos9(R, 6, ()d~d so we can see that

the integrals of gA will yield:

sin2OcOCOS3(
2 sin'0coS0CoS 24)S in

f:2x cosecosg-A1  f2 fg 2s infcos'cos'4)
0 fol, 1L 'f.,gsin 2 O)cosEcosps in24)

2 sin~cos 2Osin~ocos4)

Cos 3()Oo

C1, 1, 3,* 1 - CC3 , 1, 3,1

2 (CS 1 , 1 , 1 1 CS 3 1 1 1 CS 1 ,1 ,3 , 1 +'CS3 1 ,3 ,1 )

2(SC, 1 , 2 1 -SC 3 1,2 1 )
CC1 , 1, 1, 1 - CC3 , 1,* 1, 1 - CCI, 1,* 3, 1 + CC3 , 1, 3, 1

SS1 1, 1, 2-SS3, 1, 1,*2

, 11

sinOcoSOCOS2 4i.&1

sin~cos~cos4 sin( p 1 +sinOco SOCOS 2 4p 2

f 2 os~os4g-A2fo "f)'g cos 26cos( pj1+sinecosec s 2 4p 3
f2 'fos o~A sin~cos~cos( sin4)V2

Cos 2 ()OS4±2 +sin~cos~cos4)sinotV3

Cos 2 OoS V3

2 p. C1,2,2, 1

i S,2, 1,2 + 2 P 2 S l, 2, 2, 1

4 12S512 1,2
4 V 2 CC2, 1, 1, 1 + V3 SS,21

411 . 2 1,1,1
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IRs in~c o sOco S24 -CO SOc o S4

f 2 ' foCS6COS(OgA 4 = fo "fi"g. Rsin~cos~cos4sin)-CoS6CoS4p2

R sin2 OCOS 2 4-pjLCoSf)COS(

R sin20sin24o-.L 2 COCos4

RcoS2 Ocos4 -V3 CoOeCOS(O

2 SC1, 2 , 2 , R -4 P1,CC,,,, 1, 1

4
.4CC2'jjj -PCI111

For future use, we point out that the partials of A2 andA4

involve only 3 distinct trigonometric terms, which we will

define by:

B,~ = sin~cos4

B =B2= sin~sin4)

B= cose

then we see that

B1 i

B2 p 1+BjP2

A2 = B2P2

B3 V 2 , B2 113

B3 V3
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and

[Bi R - i

A4 = B2R-V 2

.B3R-L 3]

Thus, we need only compute the effects of Al and B on each

of the 12 W functions to obtain the desired partials.

C. PARTIAIS OF W2

W2 = CC,3o, = f 2 "fxcos38cosig(R,6,4)ddP so the partials are

given by:

sin2Ocos38cos 3

2sin2Ocos3cos 24sin

cos3Ocos4 A1  2sin~cosOcos3Ocos
2 ,

sin2 Oos30sin24cos4

2sinecosecos 3sin4coso

cos2Ocos3Ocos¢

2 CC1 , 3, 3, 1 - CCI, 5, 3, 1 - CC 1 1, 3, 1

2(2 CS 1 3. 1, 1 - CS 1 , 5, 1, 1 - CS1 1, 1, 1 -2 CS 1 3, 3, 1 + CSI, 5, 3, 1 + CS 1 1, 3.1

1 2(SC, 5.2, 1 -SC 1 , 1 , 2, 1 )
-41 2CCI"3"1"I-CCI'5' 1'- C '""- C """ + C 5"'* C "1"CC , 5, 1'+ CIS , 2 -: S S ", 11,+ 1, 2 ..

CC,, 5 ,1 1 + 2 CC1 , 3, 1, 1 + CC1 1, 1, 1
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sin~cos3Ocos2  1 2(SC1 ,4 , 2 , 1 - C,22,1

cos3Ocos4 B = sin~cos36cos sinmi - 1,4,1,2 S1,2,1,2

cosOcos36coso 1 4 .2(CC,4,1,1 + CI ,1 )

D. PARTIALS OF W3

=1 S, ,1 = fo2"f"cssngR ) )d~~ so the partials are

given by:

sin n2()oSCaso s2(0S Sinfl

2 sin 2O)Csos4)s in 2 (t

cas~sin4)A1  2sinfoas 2Ocos)sin4
sin2 E)Oosesin'4o

2sin~ca S2 6Sin 2 1

Cos 3 )S in4i

Cs11,11 - CS31,,1 -CS11,31+ S 1 ,1

2 (CC, 1 , 11 CC1 , 1.3, 1 -CC3 , 1, 1,l1+ C3,1, 3, 1)

CS 1 , 1, 3, 1 - CS 3 1, 3, 1

2 (SS 1 1 ,2 , 1 -SS3, 1,2, 1

CS3 , 1. 1.* 1

sinscsincos osisin cassin2

cosesin(03 ~sincsocssin 02 Si2,2
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E. PARTIALS OF W4

K4 CS~ 1, J J,1 f, 1cos 3sin0(R, o,,)dd so the partials

are given by:

siri0cos30cos 24osin.4

2sin 2()Os3fcos~sin'4

cos3esin4 A, 2sin~cos~cos3Ocos( sin.4
s i n 2 )C os3Osin3(O

2sifl~cosOcos3Osin 240
Cos 2 cos3Osin

2 CS1,3,1 ,1 -2 CS113 ,3 ,1 -C-'1,5 ,1 ,1+'CS1 ,5 ,3 ,1 -'!,1 ,1 1 'C5 1,1,3,1
2 (2 CC1 , 3,1', 1-2 CCI, 3 , 3 ,1 CC 1 , 5, 1, 1 + CC,, 5, 3,1 -CC 1 , 1,1,1 + CC1, 1, 3,1)

-4 2 CS 1 3 , 3 1 -CS 1 5 3 1 - CS1, 1 ,3 ,1

2 (SS,, 5 ,* 2, 1 -SS1, 2, 1

CS1 5,1. 1+2 CS 1 ,3 ,*1,1 +CS 1 1 1,11

cos3ftin(OB =IsinOcos3Osin 
2 4 2 1SI ,2 S,2 ,1

cosOcos36sin4o2(-1 ,1 S,2 ,1
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F. PARTIALS OF W5

P = =C,1,0 f 2 "fo"sino!gR,E,)dd so the partials are

given by:

sin'Oco S24
2sin'Ocos~osin~i

sinOA1  2sin 2 ecosecos(
sin'Osin 2 4

2sin 2 OoSsi w
cos 28~sinO

Sc 3, 1, 2, 1

SS3 ,1, 1,*2

2(CC, 1 11 -CC3 1,1 ,1 )

SS3 .1, 2, 1

2(S, 1 1 1-SC3, 1,01,1

sin'Ocos4t 2 SC2, 1,1, 1

sinOB =sinlftin4 - 25511,

sin~cosO. SCI2.00
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G. PARTIALS OF W6

W= sc 1,2 ,0 , 0 = fo"f i2gR04)~4 so the partials are

given by:

sin'Osin2 OCOS2 1

2 Sin 2 )S in2Ocos4)sin(0

sin2O)A1 = 2 sin~sin2Ocos~cos4)
sin 2 eSin2fsin 2 i

2sinfsin2Ocosftin4
cos 2 0sin2O

2 SC, 2,2 , 1 SC1 , 4 , 2, 1

2 SS1 , 2, 1. 2 ' 1 4, 1, 2

12(CC 1, 2 1 1 -CC 1 4 ,1 1 +2SC 2 1i~i1 )
4 2 SS1, 2, 2 , 1 - l, 4, 2,1

2 (CS1 , 2, 1,1 - CS 1 , 4,1,1 +2 SS,1,1 1)

2 SCI, 2, 0,* 0 + SC 1 , 4,* 0, 0

sin2OB = sin~sin2sin' 
11~1,11 3,11sin28cos6I ~ SC 3 O+C
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H. PARTIALS OF W7

~7= 130 = 
2 "f-sin3og(R,6o,)dd so the partials are

given by:

sin'Osin3Ocos2 i$

2 sin 2 Osin3Ocos~isin$

sin30A 2 sinftin.36cos~cos~i
sinOA1  sin2 ftin3Osin 24

2sinftin38cosfsin4

Cos 26Sin.3O

2 S 1,3, , -S I 1,2,1 S 1,5, 2, 1

2 SS1 , 3, 1, 2 - SSI 1, 1, 2 - SS 1 , 5, 1, 2

2 2(CC, 1 ,1 ,1 -CCI, 5,1 ,1 )

2 (CS 1 1 , 1 1 -CS 1, 5 ,1 , 1)

SC1 5,0 ,0 +2 SC1 3,0 ,0+'SC1 1 ,0 ,0

sinfsin3Ocos4i1 CC1, 2 , ,1-C1 ,1

sin30 B sinfsin3Osin~o I S =2 1 - CS1 4, 1,i1

sin3OcosO j 2 SC1 , 4, 0, 0 + ,2 ,0
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I. PARTIALS OF W8

W8'= sc2 111 = f 2 7Z , fl2On'cos(0g(R,, 4)dfd so the partials are

given by:

sin 4O)COS 3,

2sin4OcoS24tSin~

sin 2()Os (A 2sin3 Oco SeCOS240
sin 4()sin 2,tCOo

2 sin3Ocsecos~psinit
Cos 2 Esin2Ocos~l

8 SC4 ,1 ,3 ,1
16 (SS 4 "1' 1, 1 -SS 4 , 1,3, 1

-12(2SC 1 , 1 - SCI, 4 , 2 ,1){2 SS1 , 2, 1, 2 - SS1 4 ,1, 2

8 (SC2,1 ,1, 1 -SC4, 1, 1 ,1)

sin 30OS 24 2 --C3'1, 2,1
sin2E)COSOB si 3=) iOc4S3,1,1,2
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J. PARTIALS OF W9

= 9 S03,1,2,1 = f 2" "fosin 3 Ecos'4tgR,o6, )dfod4 so the partials are

given by:

sin'Ocos'4 4

2sin5OCOS 3( Sin4

sin 3O)CoS 2 A1  2 sin4 E)OsOS 3 4
sin5 fsin2 tc OS 2 (t

2sin4Oco SfOoS2 tS in4V
Cos 2 6Sin 3OCOS2 4)

4 --C5, 1, 4, 1

SS 5 , 1. 1, 4 + 2 SS5, 1, 1, 2

8 8(CC1 1 , 3 ,1 - 2CC3 1 ,3 ,1 +CC 5 1 ,3 ,1 )

8 (C' 1 1 1 1 -CS 1 1 ,3 ,1 - 2CS3 ,1 ,1 ,1+2 CS 3 1 ,3 ,1 'CS 5 1 ,1 ,1 -CS-5 ,1 ,3 ,1 )

sin30) 24 = sn 4S nocos3(] = 1(SS 4 1 1 1 -SS 4 , 1,.)

si cs s - nlOcos~cosl4k 2 SC, 2 2 1 SCI, 4 ,2 ,1
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K. PARTIALS OF W10

w 0= SS,1 ,1= f27 fsin2sin4_(R,O,4)d~d4 so T-ne partials are

given by:

sin 4O)COS 2 Sini
2sin4Ocos4'sin 2(

sin2 0S n4A = 2sin'Ocos~cos~osin4
iflifw1 sin4Osin 3 ,

2sin3 6cos~sin24)
Cos 20Sin 26Sin4t

2 2SSI2,1, 2 -SSI4,1,2
-8 Bs34,1,3,1

4 SS 1, 2 , 2 , 1 -2 SS1 , 4 , 2 , 1

8 (SS 2 1 1 , 1 -SS 4 ,1 ,1 ,1 )

sin ()CO4,Sin( SS31,1,2

sin 26Sin(B = sin 3 )S in 21 = 2SS3,1 2 ,1

.Sn 2 )OoSsi n4 2 (CS 1 1 1 1 1 - cs"1 ,1 ,1 )
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L. PARTIALS OF W11

WI= SS 3 1,1 2 = fo2f"sn3Si2PR0()~( so the partials

are given by:

sinlOco S2tS in21t

2sin10cos~tsin4)sin24

sin 3Osin24 A1 = 2sin'OcosOcos( sin24)
sin'6sir. Apsin24

2sin4 Ocosftin4tsin24
cos 2 )Sin 3 )S in24)

SS5 , 1, 1, 4 + 2 SS5 1,* 1, 2

2 (2 SC5,1 ,2 , 1 -S C5 1 ,1 ,4 -SC 5 , 1, 1,2)

14(CS 1 1 1,, 3 +CS,, 11 2CS3 1 ,1 ,3 2CS3 ,1 ,11 +CS5 ,1 ,1 3 +CS 5 ,1 1 1,)
4 2SS5, 1 ,1 , 2 -SS,, 1 ,4

4(CC 1 1 1 1i~-CC1 1,1 3 -2CC 3,1 1, 1 +2CC3 1,1 ,3 CC 5, 1,1 1 -CC 5,1 ,1 3)
4(SS-3 1 1 2 -SS 5 ,1 ,1 2 )

sn46OS Sin241 4 (~S4,h1,1,3 +SS4,11,)

sin'Osin2( B ~ ~ =iltn(sn4 4 (SC4,1 1 -SC4, 1, 1 3

.si 30OSS i24 -2SS,, 2 1, 2 -SS 1,4 ,1 ,2
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M. PARTIALS OF W12

W2= SS31,21 = fo2"o i (Si 24_(,, d~~ so the partials

are given by:

sin5 Oco S2 tS in 2 (

2 sin'Ocos~osin 3 4t

si 3E)i 2 4A = 2sin4 OcosOcos4sin 2 4)
S~flSfl~~lsin'Osin 4 i

2sin4 Ocos~sin3 1t

Cos 2 () sin3 Os in24

2 SS5 1,1,2 -S51,,

8 8(CC 1 1 1 1 CC1 1 ,3 ,1 -2CC3,1 1, 1+2 CC3 ., 3 ,1 + CC5 1, 1 ,1 -CC 5 ,1 ,3 ,1 )
4 4S551,4,1

8(CS, 1,3,1-2 CS 3, 1 , 3 , 1 + CS5 1 ,3 ,1L4(S- 2 ,- SS5 , 1 ,2 ,1 )

sin 3OSin2 B 0 sin 40Sin 34 t 8SS413,1

.n 3Ocos~sin 24 2SS1, 2 2 1 -SS 1 4,2 ,1
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APPENDIX C

A. PARTIALS OF U1,U2 AND U3

This step simply involves taking derivatives of

U2 U2 u ]T fW8 W W6 1T

u w w5 2w.j

with respect to each parameter. The results are:

aul_ we

oul _ 1

aw8  w5

au2 _ _

aw W5

aU2  _ 1

8W10  W5

au3 _ _6

aw5 2w2

Cu3
aw6  2w 5

and all other partials = 0.
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B. PARTIALS OF U4,..,U9 WRT MU

ail]
a u4  a~ 121

w.a13]

u-5 = - no a 12

ap W5[013

a0111
8u6 = 6a12

p 2 w 5 013]

012

au,1 _ W 0 22

all 2 w 5 23

0121
au 6  221

p 2 w5 023]

___ ___[a13]
aU9  6_ o 2 3

p 4 w5 33~
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C. PARTIALS OF U4,..,U9 WRT SIGMA

To solve for these partials we use the table of partials

given in the previous section and use standard calculus rules:

1. Partials of U4

au 4l

-- -203U4 - 
-'02282__u_ _ 12 2 1f(__oR(NN ____ _ow-w)

-Oai j23 13 88w 2W5  4w5  2w5

201 q2j 4 W5 -2 W ) I\ 5/

0013 ql 8 W5  2 W5  2w, 2w,

a0 4 - 0 2 
3 

u 4 - 1 2_ w_ _ _

0 023 q ( w5-.is

13( Rw 1 1 - 1 2 we 12 ("l-W 2) 3 W8

~4 w. 2 w5  8 ~02 W5  2 w5

0u 4  33 (RW 1~ w 1 (Rw 9 PVw,
qL\ 4w. 2 5  w 2w,
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2. Partials of U5

801 1 1 5

8U5 -2 112 5- 1 (RW 12 - I.1w0) ( R(W3-W4) - IL3 W1Q

au W3____ -W4 .3 W1 O (RW..2 9.2Wl0~

5 2 - 1U5 1 22(w 4  ) 023 w
813 q51O2 4 w5  W 5 W

au 5  - _22 i[ RW 3 -W4 ) - 3W1 0  (Rw 11 1L1w10~

8o~y 2 2 5 q 2~ 4 w. W5  2 0~2w 5  w5

au5 ' 0 23U a( Rw 1-2Lw 0"

80r2 3 q2 3  W 5 )

(RW12-92I.w 0 '~ RW 3-W4) - 113 WIO
013( W5  ) 1 2 ( 4 w5  W5

au5  33 - 2~ Rw 2 -IL 2 W10 -02(Rh'11 p1W10
a033 Sq[ W5  W5  2 2w5  w5

3. Partials of U6

8 U6  U6

au82012-4 1 W)-2 - W)_11W

'u - -2o 2 -- 4w IL2W63 )R(( Wh'
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au -2 13U 1 (4 7 w ) __' RW 3 -W 4 ) 11P2 W6 1
-2 6 a'22 ut- 1 \4 W7 5 ) - 3 W6 / 023( 4w w5a13 q 42W5 2 w5  4 I 5 2W

au 6  2 ( Wl~+. -RW 2 ) Il W6__

T22 q 4 -5 2 w 4 w 5  2 W5

a 623 124 w 5- 2 ) 33AI W/

8 = -2 6q 23(2W) )

_____ 2 ___6 4W 7 +W5 ) V~3 W6

013( )o4152 w5 4W5 2 w,

-o "63 21' 4W 2w W4))- 2 2 ( -pWW 2

qL\3 4 W5 W 4 w5  2 w5

4. Partials of U7

8u7 = ,~ ~~~,r 23.~w 3- 4 . 3W10  RW12 P.2 w,'I

a011 q~ . 8 W5  2 W5  2 2w5  2W5

-u2 -2012U 4W Rw 1 .Lw RW 3 4 ) - 93W10

ac012 Uq ~ 4 W 5  2 wj03 8 W5  2 w5

-U 2Q13 17 -- C 12 -1L2W10
80 7 q 21 WS

-023 ( Rw11 wl PlI),l283W4 2 L3wl
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43U7 -- 22 U7

a( 2 2

5. Partials of U8

au8 - 211 2- 12 Rw3 -4
7 + w ) 13 w6 - (33 RP4w - w V

T, a 01 q 7 4w 5  2w 5  4w 5  2w5

aU 7  4w1 1S 1 '1 2w5 } 45  2w

a 3  013U 13 2w- W 5 ,]

'au = -2 a- 12 3w 1 3301w-w)- 1w

-12[ 13Iw 4wq 2w5

-023 12"[(~ 1 -W2) " 6 )-12 R4w7 +W5) 113W6

022 -- 022[_8

au8 _ 2o 3 U_8 -- -w+W)_ 23w 2)_

13 6q 1313 w5 1 11W

T(73 q 4W5  2w5 ' 4W5  2 w.
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u8u6 =3u 1 2 (Rw 1-w 2) _ R1 W6 (- 1w 3-W4) _ 12 W6

a0 33  q4W 5  2w5  4W5  2w

6. Partials of U9

i [ -(R 3 -) L2 W6 11 2W4 ) 7 W- _ 3W6
-ol q9~~o3 8 W5  4 w5  8 ~ W5  4 w5

-aOl9  2o12 1 + W 5 ) 23 W6

U'I I 'w "l-a 12  qz 4o2 4w5  2 w5 )

((w 3 -w 4) 4 2w 6 -234W 1-W2) 1 W6-a 8 ws  4 ws  8 w5 4 w5

0a3 q 2 8w 5  4w 8w5 4w 5

au 229 -L (R(w -w 2) I 1W6  4W7RW3 -) 11 W6
- U 9 2 1 32  8 W 5  4W) 8W5  4w 5

au9 (R(W3-w4) 2w6 -( 2 W -W) PW 6

a( 2 3  q2011 8W5  4w 5  8W5  4w 5

aU 9  a - 33U9

a5 3 3
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D. PARTIALS OF U4,..,U9 WRT R

au 4 8 (41 1 012a w1  +o13(w -W2 ))

a--_ ( (w w, 4aW2 w5 1 
3(w _w4))

aR 1 (211

u6 7- 15
au6 _ - (o (w1-w2)+o 2(w3-w4)+o(313 w

aR 4 w5 ( 7

aU7  - 1 (2  12 w11 +4o 22 W12 +o23(w3 -W4))

R 8 w5

au 4w (oW 1(ww2 +)+ 22 (w3 -w4 ) +a 23(w7 +w5))aR 4 w5 (

au9  - W2) + fa23Wl-W)+a
3 3 W7 + W5\)

R 8._W5 (13(w(

E. PARTIALS OF U4,..,U9 WRT W

1. Partials of U4

au4 _ R 1 3

3w, 8w5

au4  Ru 1 3

(w 2  8 w5
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8u 4  1U4

au4 1 (a 1 g + 1 9o2p +.013 )
aw8  2% w

au4 _Rai

8w9  2w 5

aU 4 _ Ro' 2

aw n1 4w5

2. Partials of U5

au 5 _ Ro' 3

8w 3  4w 5

4U9 _ Ro 1 3

)w4  4w 5

8u5 _=
) -U

58w5  W5

8u5 5 Rc1

8w11  2 w.
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au5 _Ra 
12

812 W

3. Partials of U6

aU6  Ra11

awl 4 W5

aIu6  Ra"l
aw2 4 W5

au6  a 1o'2

a3 4 w5

aU6 Ro'2

a W4  4 W5

43W 5  w5  4 w5

a__ = 1 1 V+ 1 2 2+ 1 3 V 3

a W6  2.-(aw5oL 3

0IU 6 - RF' 3

aw7  4 w5
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4. Partials of U7

8U7 _R,0
23

aW3  8 W5

au 7 _RC12
3

8W4  8 W5

aU7  I

3U 7  1=a1 J 0 2 2+ 2 3
awl. 2 w.

au7 _C R 1 2

awl, 4 w 5

a u 7  Ra 2 2

8W12  2 w5

5. Partials of U8

aua Rc 1 2

awl 4 W5

8u, Ruy1 2

a8W2  4 w5

aus R(122

8 w3  4 W5
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a8 - Ru 2 2

aw, 4 w5

u-8  1 - 1 + R0 2 3

a5 w5  4 w5

au 8  ( a 1 2  + 2 2  1 1 2+ 02 3  L )

a W6  2 w.

au8  Ruy23

aw, 4 w5

6. Partials of U9

-u Ruy13

awl 8 W5

4 9 Ru 13

a 2 8 5

aug -~ R 2 3

8W3  8 W5

8U9 _RuF
23

aw4  8 W5

'lug u ! + RCF3 3

Ow5 W5  8 w5
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au 9  1 a 113p+23+233

aw 6  4 w 112 3)

aug - R(13 3

a W 8 W5
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APPENDIX D

PROGRAM SEPCMP

*PROGRAMMER: LT ARTHUR F. BROCK
*DATE: 12 MAY 1991
*LAST MODIFIED: 29 AUGUST 1991
* PROGRAM DETERMINES FIRST AND SECOND ORDER APPROXIMATIONS TO

* VARIANCE OF SEP GIVEN VALUES OF MU AND SIGMA (VARIANCE-COVARIANCE
* MATRIX) AS INPUTS. OTHER INPUTS ARE PARAMETERS FOR USE IN THE
* IMSL SUBROUTINE OTWODO USED TO PERFORM GAUSSIAN QUADRATURE
* EVALUATION OF DOUBLE INTEGRALS.

INCLUDE 'CO'i DEF'
INCLUDE lWVEC DEF'
INCLUDE 'PMUCOM DEF&
INTEGER I,0T1,0T2,SAMPSZ,K
REAL DT1(1O,9),DT2(22,1O),DT3(9,22),SEPM(9,9),PMU(3,3),PSIG(6,6)
C ,SEPMU(3),SEPSIG(6),CI(2),MPT(3,3)
CALL INIT(SAMPSZ,MPT)
WRITE(16,51) R,NUMTR

WRITE(16,52)(MU(I), 1=1,3)
Do 20 1=1,3

WR ITE( 16, 53) (MSIG( 1,1),J=1, 3)
20 CONTINUE

OT1=O
0T2=0
DO 10 I=1,SAMPSZ

CALL INIT2(MPT)
CALL WVALS
CALL DT1VAL(DT1,SEPMU,SEPSIG)
CALL DT2VAL(DT2)
CALL DT3VAL(DT3)
CALL SEPEST(DT1,DT2,DT3,SEPM)
CALL PMUS(MSIG,PMU,PSIG)

CALL BNDEST(SEPM,PMU,PSIG,SEPMU,SEPSIG,CI)
IF(SEPSET .LT. (R-CI(1) .OR. SEPSET .GT. (R+CI(1))) THEN

OT1=OT1+1
IF(SEPSET .LT.(R-CI(2)).OR. SEPSET .GT.(R+CI(2))) THEN

0T2=0T2+1
ENDI F

END IF
PRINT*,Il = ',I,REAL(I-OT1)/REAL(I),REAL(I-0T2)/REAL(l)
WRITE(16,50) R-CI(1),R+CI(1),OT1 ,R-CI(2),R+CI(2),0T2

10 CONTINUE
WRITE(16,55) SAMPSZ,REAL(OT1 )/REAL(SAMPSZ),REAL(0T2)/REAL(SAMPSZ)

50 FORMAT(lX,2(l (',F7.2,',l,F7.2,-)-,2X,13,2X))
51 FORMAT(1X,'TEST FOR SEP = 1,F7.2,/,1X,ISAMPLES PER TRIAL = 1,12)
52 FORMAT1lX,' MU ',/,3(F7.2,1,1),/./,lX,

C I SIGMA')
53 FORMAT(lX,3(F9.3,3X))
55 FORMAT(lX,/,-SAMPLE SIZE: ',14,3X,2(F5.3,8X))

STOP

END
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SUBROUTINE INIT(SAMPSZ,MPT)

* INITIALIZE FILES, READ INPUT DATA AND INITIALIZE VARIABLES.

INCLUDE ICOM DEF'
INCLUDE IPMUCOM DEFI
INTEGER N,SAMPSZ,RK
REAL MPT(3,3),TOL,NUMSIG(3,3)
EXTERNAL RNSET ,DCHFAC
OPEN(15,FILE='/MUSIG DATA All)
OPEN(16,FILE=I/OUJTDT DATA Al')
READ(15,*) MUMi
READ(15,*) MU(2)
READ(15,*) MU(3)
READ(15,*) SIGOl)
READ(15,*) SIG(2)
READ(l5,*) SIG(3)
READ(15,*) SIG(4)
READ(15,*) SIG(5)
READ(15,*) SIG(6)
READ(15,*) ERRABS
READ(15,*) ERRREL
READ(15,*) IRULE
READ(15,*) NUMTR
READ(15,*) SAMPSZ
READl5,*) ISEED
READ(15,*) NUMSIM
CALL RNSET(ISEED+INT(MU(1)+SIG(1)))
DET=SIG(l )*(SIG(4)*SIG(6).(SIG(5)**2))-SIG(2)*(SIG(2)*SIG(6)
C -SIG(3)*SIG(5))+SIG(3)*(SIG(2)*SIG(5)'SIG(3)*SIG(4))
IF (DET .!E. 0.0000000001) THEN

WRITE(16,50) DET
STOP

ENDIF
SIGINV( )=(SIG(4)*SIG(6). (SIG(5)**2))/DET
SIGINV(2)=(SIG(3)*SIG(5).SIG(2)*SIG(6))/DET
SIGINV(3)=(SIG(2)*SIG(5)-SIG(3)*SIG(4))/DET
SIGINV(4)=(SIG(l )*SIG(6)-(SIG(3)**2))/DET
SIGINV(5)*(SIG(3)*SIG(2)-SIG(1 )*SIG(5))/DET

DENOM=(SORT(2.0*PI )**3)*SQRT(DET)
MSIG(1 ,1 )51G(1)

MSIG(1,3)=S[G(3)
MSIG(2,1)=SIG(2)
MS IG( 2,2)=S I G(4)
MSIG(2,3)=SIG(5)
MSIG(3,1)=SIG(3)
MSIG(3,2)=SIG(5)
MSIG(3,3)=SIG(6)
CALL FINDSEP

MSIG(l ,1)=SIG(1)/NUMSIM
MSIG(1 ,2)=SIG(3)/NUMSIM
MSIG(1,31)=SIG(3)/NUMSIM
MSIG(2,1)='SIG(2)/NUMSIM
MSIG(2,2)=SIG(4)/NUMSIM
MSIG(231)=SIG(5)/NUMSIM
MSIG(3,1)=SIG(5)/NUMSIM

MSIG(3,3)=SIC'6)/NUMSIM
TOL=100.0*DMACH(4)
CALL DCHFAC(3,MSIG,3,TDL,RK,MPT,3)
CALL SETDAT
CALL MAKES

50 FORMAT(lX,'ILLEGAL INPUT MATRIX, DETERMINANT 1 ,F8.5,1 PROGRAM',
C 'TERMINATED.')

RETURN
END
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SUBROUTINE INIT2(MPT)

* INITIALIZE VALUES USED EACH TIME THROUGH LOOP.

REAL MPT(3,3),TMU(3),TSIG(6)
INCLUDE 'COM DEF'
INCLUDE 'PMUCOM DEF&

20 CONTINUE
SIG0IWO.O
SIG(2)0O.O
SIG(3)=O.O
SIG(4)=O.O
SIG(5)=O.O
SIG(6)=O.O
MU(1)=O.0
MU(2)=O.O
MU(3)0O.O
DO 15 I=1,INT(NUMSIM)

CALL TRIALS(NUMTR,MPT,TMU,TSIG)

SIG(1)=S1G(2)+TSIG(2)
SIG(2)=SIG(3)+TSIG(2)
SIG(3)=SIG(4)+TSIG(3)
SIG(4)=SiG(5).TSIG(4)
SIG(5)=SIG(6)+TSIG(5)

MU(2)=MU(2)+TMU(2)
MU(3)=MU(3)+TMU(3)

15 CONTINUE
MSIG(1,1)=SIG(l)

MSIG(1,2)=SIG(2)

MSIG(2,1)=SIG(2)
MSIG(2,2)=SIG(4)
MS IG( 2,3 )=S IG (5)
MSIG(3,1)=SIG(3)
MS IG(3 ,2 )=S IG(5)
MSIG(3,3)=SIG(6)
DET=SIG(1)*(SIG(4)*SIG(6).(SIG(5)**2)).SIG(2)*(SIG(2)*SIG(6)

C -SIG(3)*SIG(5))+SIG(3)*(SIG(2)*SIG(5)-SIG(3)*SIG(4))
IF (DET .GT. 0.00000000001) GOTO 30
GOTO 20

30 CONTINUE
SIGINV(1 )=(SIG(4)*SIG(6). (SIG(5)**2))/DET
SIGINV(2)=(SIG(3)*SIG(5).SIG(2)*SIG(6))/DET
SIGINV(3)=(SIG(2)*SIG(5).SIG(3)*SIG(4)),DET
SIGINV(4)=(SIG(1 )*SIG(6). (SIG(3)**2))/DET

SIGINV(6)=(SIG(1 )*SIG(4).(SIG(2)**2))/DET
DENOM=(SORT(2.0*P1)**3)*SQRT(DET)
CALL FINOSEP
RETURN

END

SUBROUTINE MXTMLT(M1,M2,ANS,I,J,K)

* PERFORMS MATRIX M4ULTIPLICATION M1(I,j)*M2(J,K) TO PRODUCE
* OUTPUT MATRIX ANS(I,K)

INTEGER L,ROW,COL,I,J,K
REAL M1(I ,J),M2(J,K),ANS(I,K)
DO 10 ROW=1,I

DO 20 COL=1,K
ANS(ROW,COL)=0.O

20 CONTINUE

10 CONTINUE

DO 30 RCO%=1,1
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DO 40 COLI1,K
DO 50 L=1,J

ANS(ROW,COL)=ANS(ROW,COL)+M1 (ROW,L)*M2(L,COL)
50 CONTINUE
40 CONTINUE
30 CONTINUE

RETURN
END

SUBROUTINE SEPEST(DT1 ,DT2,DT3,SEPM)

* PRODUCES THE 9 BY 9 MATRIX OF PARTIALS OF SEP

INCLUDE 'CON DEF'
REAL DT1(1O,9),DT2(22,1O),DT3(9,22),SEPM(9,9),TEMP(22,9)
CALL MXTMLT(DT2,DT1,TEMP.22,1O,9)
CALL MXTMLT(DT3,TEMP,SEPM,9,22,9)
RE TURN
END

SUBROUTINE SETDAT

* SETS THE INPUT VALUES OF MU, SIG AND SEP TO BE HELD CONSTANT
* THROUGHOUT THE LOOPS OF THE PROGRAM.

INCLUDE 'CON DEF'
INCLUDE IPMUCOM DEF'
INTEGER 1,J
D010 1=1,3

MUSET(I)=1MU(I)
10 CONTINUE

SEPSET=R
RETURN
END

SUBROUTINE TRIALS(N,MPT,TMU,TSIG)

* DRAWS N RANDOM SAMPLES FROM NORMAL(MU,SIGMA) AND DETERMINES
* ESTIMATES FOR M4U AND SIGMA BASED ON THESE SAMPLES.

INCLUDE 'CON DEF'
INCLUDE 'PMUCOM DEFI
INTEGER I,N,J
REAL MPT(3,3),RVAR(50,3),RSQ(50,3),RP4LT(50,3),RMN(6),OP(3)
C ,NUMFAC,TSIG(6),TMU(3)
EXTERNAL DRNMVN,RNSET,DMACH,DRNUNF
DO 10 1=1,N

CALL DRNMVN(1,3,MPT,3,OP,l)
RVAR(I .1 )'OP(1)+M4USET(1 )/NUMSIM
RVAR(I ,2)=OP(2)4MUJSET(2)INUMSIM
RVAR(1I,3)=OP(3)+MUSET(3)/NUMSIM
RSQ(1I,1 )RVAR( 1,1 )**2
RSQ(I ,2)=RVAR(1I,2)**2
RSQ(1I,3)=RVAR(I ,3)**2
RMLT( , 1)=RVAR(I ,1)*RVAR(1,2)
RMLT(I ,2)=RVAR(I ,1)*RVAR(I ,3)
RMLT(1I,3)=RVAR(1I,2)*RVAR( 1,3)

10 CONTINUE
TMU( 1 )=FMN(RVAR, 1 .N)
TMU(2)=FMN(RVAR,2,N)
TMU(3)=FMN(RVAR,3,N)
RMN(1 )=FMN(RSQ, 1,N)
RMN(2)=FMN(RSO,2,N)
RMN(3)=FMN(RSO,3,N)
RMN(4)=FMN(RMLT, 1,N)
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RMN(5)=FMN(RMLT,2,N)
RMN(6)=FMN(RMLT ,3,N)
NUMFAC=1.0
TSIG(1)=(RMN( ) -TMU(1 )**2)*NU#4FAC
TSIG(2)=(RI4N(4)-TMU(1 )*TMU(2))*NUNFAC
TSIG(3)=(RMN(5)-TMU(1 )*TMU(3))*NIJMFAC
TSIG(4)=(RMN(2) -TMU(2)**2)*NLJMFAC
TSIG(5)=(RMN(6) .TMU(2)*TMU(3) )*NUNFAC
TSIG(6)=(RMN(3) -TMU(3)**2)*NUM4FAC
RETURN
END

REAL FUNCTION FMN(VEC,COL,N)

* DETERMINES THE MEAN OF N ITEMS IN COLUMN COL OF VECTOR VEC

INTEGER I,N,COL
REAL VEC(50,3),TOT
TOT =0.0
DO 10 1=1,N

TOT=TOT+VEC( I, COL)
10 CONTINUE

FMNNTOT/REAL(N)
RETURN
END

REAL FUNCTION G(X)
REAL X
G=0 .0
RE TURN
END

REAL FUNCTION H(X)
REAL X
H=6.2831854
RETURN
END

SUBROUTINE WVALS

* DETERMINES VALUES OF W, CC, CS, SC AND SS FUNCTIONS USING THE
* IMSL SUBROUTINE OTWOO.

REAL G,H,H1,N2,ERREST
INCLUDE 'CON DEF'
INCLUDE 'WVEC DEF
EXTERNAL G,H,DTWOOQ,CC1111,CC1311,CC3111,CS1I111,CS1311,CS3111,
C SC1100,SC1200,SC1300,SC2111,SC3121,SS2111,SS3112,SS3121,
C CC1113,CC1131,CC1211,CC1331,CC1411 ,CC1S11,CC1531,CC2111,
C CC3113,CC3131,CC5111,CC51 3,CC5131,CS1113,CS1131,CS1211,
C CS1331,CS1411,CS1511,CS1531,CS2111,CS3113,CS3131 ,CS5111,
C CS5113,CS5131,SC1121,SC1212,SC1221,SC1321,SC1400,SC1412,
C SC1421,SC1500,SC1521,SC3100,SC4111,SC41 3,SC42.31,SC5112,
C SC5114,SC5121,SC5141,SS1112,SS1121,SS1212,SS1221,SS1312,
C SS1321,SS1412,SS1421,SS1512,SS1521,s ,4111,SS4113,SS4131,
C SS5112,SS5114,SS5121,SS5141
B=PI
CALL OTWODO (CC1111,ABGHERRABS,ERRREL,IRULE,W(l),ERREST)
CALL DTWODO (CC1311 ,A,B,G,H,ERRABS,ERRREL, IRULE,W(2),ERREST)
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CALL DTWOOG (CS1111 ,A,,G, H,ERRABS,ERRREL,IRULEW(3),ERREST)
CALL DTWODQ (CS1311,A,B,G,H,ERRABS,ERRREL,IRULE,W(4),ERREST)
CALL DTWOQ (SC1100,A,B,G,H,ERRABS,ERRREL,IRULE,W(5),ERREST)
CALL DTWODO (SC1200,A,9,G,H,ERRASS,ERRREL,IRULE,W(6),ERREST)
CALL DTWODQ (SC1300,A,B,G,H,ERRABS,ERRREL,IRULE,W(7),ERREST)
CALL DTWODQ (SC2111,A,B,G,H,ERRABS,ERRREL,IRULE,W(8),ERREST)
CALL DTWO (SC3121,A, B, G,H, ERRABS,ERRREL,IRULE,W(9),ERREST)
CALL OTWODC (SS2111 ,A,B,G, H, ERRABS,ERRREL,IRULE,W(10),ERREST)
CALL DTWOOC (SS3112,A,B, G, H,ERRABS,ERRREL,IRULE,W(11),ERREST)
CALL DTWOQ (SS3121,A,B,G,H,ERRABS,ERRREL,IRULE,W(12),ERREST)
CALL DTWOQ (CC1113,A,B,G,H,ERRABS,ERRREL,IRULE,CC(l),ERREST)
CALL DTWOO (CC1131,A,B,G,H,ERRABS,ERRREL,IRULE,CC(2),ERREST)
CALL DTWODO (CC1211 ,A,B, G, H,ERRABS,ERRREL,IRULE,CC(3),ERREST)
CALL DTWODQ (CC1331 ,A,B,G,H,ERRABS,ERRRE L,IRULE,CC(5),ERREST)
CALL DTWODQ (CC1411 ,A, B, G,H,ERRABS,ERRRE L,IRULE,CC(6),ERREST)
CALL DTWOOC (CC1511,A,B,G,H,ERRABS,ERRREL,IRULE,CC(8),ERREST)
CALL DTWODQ (CC1531 ,A, B, G,H,ERRABS,ERRREL,IRULE,CC(9),ERREST)
CALL DTWOQ (CC2111,A,B,G,H,ERRABS,ERRREL, IRULE,CC(IO),ERREST)
CALL DTWODQ (CC3111,A,B,G,H,ERRABS,ERRREL,IRULE,CC(17),ERREST)
CALL DTWODQ (CC3113,A,B,G,H,ERRABS,ERRREL,IRULE,CC(11),ERREST)
CALL DTWQDQ (CC3131 ,A, B,G, H,ERRABS,ERRREL,IRULE,CC(12),ERREST)
CALL DTWODQ (CC5111,A,B,G,H,ERRABS,ERRREL,IRULE,CC(14),ERREST)
CALL DTWOCO (CC5113,A,B,G,H,ERRABS,ERRREL, IRULE,CC(15),ERREST)
CALL DTWODO (CC5131,A,B,G,H,ERRABS,ERRREL,IRULE,CC(16),ERREST)
CALL OTWOOG (CS1113,A,B,G,H,ERRABS,ERRREL,IRULE,CS(l),ERREST)
CALL DTWOOO (CS1131,A,B,G,H,ERRABS,ERRREL,IRULE,CS(2),ERREST)
CALL DTWODQ (CS1211,A,B,G,H,ERRABS,ERRREL,IRULE,CS(3),ERREST)
CALL DTWOO (CS1331,A,B,G,H,ERRABS,ERRREL,IRULE,CS(5),ERREST)
CALL DTWODO (CS1411,A,B,G,H,ERRABS,ERRREL,IRULE,CS(6),ERREST)
CALL DTWODO (CS1511,A,B,G,H,ERRABS,ERRREL,IRULE.CS(8),ERREST)
CALL DTWODG (CS1531,A,9,G,H,ERRABS,ERRREL,IRULE,CS(9),ERREST)
CALL OTWOOG (CS2111,A,B,G,H,ERRABS,ERRREL,IRULE,CS(10),ERREST)
CALL DTWOOQ (CS31I11,A, B, G, H,ERRABS,ERRREL,IRULE,CS(17),ERREST)
CALL DTWCQ (CS3113,A,B,G,H,ERRABS,ERRREL, IRULE,CS(18),ERREST)
CALL DTWOOO (CS3131 ,A, B,G, t,ERRAS,ERRREL,IRULE,CS(11),ERREST)
CALL DTWOOO (CS5111,A,B,G,H,ERRABS,ERRREL,IRULE,CS(13),ERREST)
CALL OTWODO (CS5113,A,B,G,H,ERRABSERRREL,IRULE,CS(14),ERREST)
CALL DTWOOQ (CS5131,A,B,G,H,ERRABS,ERRREL,IRULE,CS(16),ERREST)
CALL DTWODO (SC1121 ,A, B,*G, H,ERRABS,ERRREL,IRULE,SC(l),ERREST)
CALL DTWODO (SC1212,ABG HERRABS,ERRREL,IRULE,SC(18),ERREST)
CALL DTWODO (SC1221,A,B,G,H,ERRABS,ERRREL,IRULE,SC(2),ERREST)
CALL DTWODQ (SC1321,A,B,G,H,ERRABS,ERRREL,IRULE,SC(3),ERREST)
CALL DTWODQO (SC1400,A,B,G,H,ERRABS,ERRREL, IRULE,SC(4),ERREST)
CALL DTWODO (SC1412, A,B, G, H,ERRABS,ERRREL,IRULE,SC(19),ERREST)
CALL DTWODQ (SC1421,ABGHERRABSERRREL,IRULE,SC(5),ERREST)
CALL OTWOCO (SC1500,A,B,G,H,ERRABS,ERRREL,!RULE,SC(6),ERREST)
CALL DTWODQ (SC1521,A,B,G,H,ERRABS,ERRREL,IRULE,SC(7),ERREST)
CALL DTWODQ (SC3100,A,9,G,M,ERRABS,ERRREL,IRULE,SC(9),ERREST)
CALL DTWOOG (SC41I11,A,B,G,H,ERRABS,ERRREL, !RULE,SC(10),ERREST)
CALL O1'WODQ (SC4113,ABGHERRABS,ERRREL,IRULE,SC(11),ERREST)
CALL DTWOOO (SC4131 ,A,B,G,H,ERRABS,ERRREL, IRULE,SC(12),ERREST)
CALL O1'WOOO (SC5112,A,B,G,H,ERRABS,ERRREL,IRULE,SC(13),ERREST)
CALL DTWODO (SC5114,A,B,G,H,ERRABS,ERRREL, IRULE,SC(14),ERREST)
CALL DTWODO (SC5121,A,B,G,H,ERRABS,ERRREL, IRULE,SC(15),ERREST)
CALL DTWODG (SC51i1,A,B,G,H,ERRABS,ERRREL,IRULE,SC(16),ERREST)
CALL DTWODO (SS1112,A,B,G,H,ERRABS,ERRREL, IRULE,SS(1),ERREST)
CALL DTWODQ (SS1121 ,A, B,G, H,ERRABSERRREL,IRULE,SS(2),ERREST)
CALL DTWOOQ (SS1212,A BG H ERRABS,ERRREL,IRULE,SS(3),ERREST)
CALL OTWWQO (SS1221,AI GH ERRABS,ERRREL,IRULE,SS(4),ERREST)
CALL DTWO (SS1312,A BGHERRABS,ERRREL,IRULE,SS(5),ERREST)
CALL OTWODO (SS1321,ABG HERRABS,ERRREL,IRULE,SS(6),ERREST)
CALL DTWODO (SS1412,A,B,G,H,ERRABS,ERRREL,IRULE,SS(7),ERREST)
CALL DTWOO (SS1421,A,B,G.H,ERRABS,ERRREL,IRULE,SS(8),ERREST)
CALL DTWWDQ (SS1512,ABGH ERRABS,ERRREL,IRULE,SS(9),ERREST)
CALL DTWOOGQ (SS1521,ABGHERRABS,ERRREL,IRULE,SS(10),ERREST)
CALL DTWOOQ (SS4111 ,A,9,G,H,ERRABS,ERRREL, IRULE,SS(12),ERREST)
CALL DTWOOO (SS4113,A,B,G,14,ERRAB5,ERRREL, !RuLE,SS(13),ERREST)
CALL DTWOOQ (SS4131 ,A,B,G,M,ERRABS,ERRREL, IRULE,SS(14),ERREST)
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CALL DTWODO (SS5112,A,B,G,H,ERRABS,ERRRELIRULE,SS(15),ERREST)
CALL DTWOOO (SS5114,A,B,G,H,ERRABS,ERRREL, IRULE,SS(16),ERREST)
CALL DTWOOO (SS5121 ,AB, G, H,ERRABSERRRELIRULESS(17),ERREST)
CALL DTWOOO (SS5141,A,B,G,H,ERRABS,ERRREL,IRULE,SS(18),ERREST)
RETURN
END

SUBROUTINE FINOSEP

" BASED ON PL-1 PROGRAM RAP, PRODUCES SEP BASED ON MUJ AND SIGMA
" FINDSEP DIAGONALIZES SIGMA BASED ON EIGENVALUES AND THEN CALLS
" SUBROUTINE ITERATION, WHICH DETERMINES SEP

INCLUDE 'CON DEF'
REAL EIGVLS(3),EIGMAT(3,3),01(3,3),NMEAN(3),NEWSIG(3,3)

C ,TEMP(3,3),EIGNML(3,3)
INTEGER 1,J
EXTERNAL DEVCSF
CALL DEVCSF(3,MSIG,3,EIGVLS,EIG4AT,3)
CALL OkftHG(EIGMAT,EIGNML)
DO 11 1=1,3

DO 21 J=1,3
01(1 ,J):EIGNML(J, I)

21 CONTINUE
11 CONTINUE

CALL MXTMLT(01,MU,NMEAN,3,3,1)
CALL MXTMLT(MSIG,EIGNML,TEMP,3,3,3)
CALL MXTMLT(01,TEMP,NEWSIG,3,3,3)
CALL ITERATION(NMEAN,NEWSIG)
RETURN
END

SUBROUTINE ORTHO (Al,A2)

* ORTHONORMALIZES MATRIX OF EIGENVECTORS OF SIGMA

REAL Al(3,3),A2(3,3),L,TEMP,TEMP2
INTEGER I
L=SQRT((A1(1,*1 )**2)+(Al(2, 1)**2)+(Al(3 1 )**2))
DO 10 1=1,3

A2(1,1)=Al(1,1)/L
10 CONTINUE

TEMP=A2(1 ,1 )*Al(l ,2)+A2(2, 1)*A1(2,2)+A2(3, 1 )*A(3,2)
DO 20 1=1,3

A2(1,2)=AI1,2)-TEMP*A2(i,l)
20 CONTINUE

L=SORT(A2(1 ,2)**2,A2(2,2)**2+A2(3,2)**2)
DO 30 1=1,3

A2(I ,2):A2(1 ,2)/L
30 CONTINUE

TEMP=A2(1,1)*Al(1,3)+A2(2,1)*A1(2,3)+A2(3,1)*Al(3,3)
TEMP2=A2(1,2)*A1(1,3)+A2(2,2)*Al(2,3)+A2(3,2)*Al(3,3)
DO 40 1=1,3

A2(1I,3)=AI1,3)-TEMP*A2(I ,1)-TEMP2*A2(I ,2)
40 CONTINUE

L=SQRT(A2(1 ,3)**2,A2(2,3)**2+A2(3,3)**2)
DO 50 1=1,3

A2(1I,3):A2(1I,3)/L
50 CONTINUE

RETURN
END

68



SUBROUTINE ITERATION(MEAN,SIGMA)

* GENERATES SEP BASED ON MU AND SIGMA FOR DIAGONALIZED SIGMA

INCLUDE 'CON DEFI
INCLUIDE ISEPCOM DEF'
REAL TOL,MEAN(3),SIGMA(3,3),MM1,TRACE(3),SQSIG(3,3),CUSIG(3,3)
C *TEMP(3),C2,DOF,RLOW,TPLOW,RHIGH,TPHIGH,CRATIO,INTEGRAL
C , 0"2, MlI3
TOL=0.001
CXX=1.OISIGNA(l,l)
CYY=1 .O/SIGMA(2,2)
CZZ=1 .O/SIGMA(3,3)
CSANT=OUPI TW*SORT(CXX*CYY*CZZ)
C=(CXX*(MEAN(1 )**2)+CYY*(MEAN(2)**2)+CZZ*(MEAN(3)**2))/2.0
CALL MXTMLT(MEAN,MEAN,MM,1,3,I)
CALL MXTMLT(SIGMA,SIGMA,SOSIG,3,3,3)
CALL MXTMLT(SIGMA,MEAN,TEMP.3,3,1)
CALL MXTMLT(MEAN,TEMP,MOM2,1,3,I)
CALL MXTMLT(SIGMA,SQSIG,CUSIG,3,3,3)
CALL MXTMLT(SOSIG,MEAN,TEMP,3.3,1)
CALL MXTMLT(MEAN,TEMP,MOM3,1,3,1)
DO 10 1=1,3

TRACE( I )0.O
MN( I )MEAN( I)

10 CONTINUE
DO 20 1=1,3

TRACE(1)=TRACE(1)+SIGMA(I ,I)
TRACE(2)=TRACE(2)+SQSIG( 1,1)
TRACE(3)=TRACE(3)+CUSIG( I * )

20 CONTINUE
MOM 1=M0M +T RACE ( )
MOM2=2 .O*(TRACE(2)+2.O*MOM2)
MOM3=8.0*(TRACE(.3)+3 .O*MON3)
BETA=("O3**2 )/(MCN2**3)
DOF:8 .0/BETA
C2=OOF*(I .0-(2.0/(9.O*DOF)))**3
RAD IUS=SQRT (ABS( SORT (ABS (MOM2/(2. O*DOF ) ))*( C2-DOF )+MOM1))
RLOW=0.95*RADIUS
TPLOW.=EVALT(RLOW)

40 CONTINUE
IF(TPLOW .GT. 0.5) THEN

RLOW=0 .9*RLOWI
TPLOW=EVALT(RLOW)

GOTO 40
END IF
RHIGH=1.105*RLOW
TPHI GH=E VALT(RH IGH)

50 CONT:NUE
IF (TPHIGH .LT. 0.5) THEN

RHIGH=1 .1*RHIGH
TPHIGH=EVALT(Rt4IGH)

GOTO 50
END IF
CRATIO=(0.5-TPLOW)/(TPHIGH-TPLOW)
RADIUS=RL0W+(RHIGW-RL0W)*CRATI0
ICNT '0

60 CONTINUE
ICNT=ICNT+l
IF((RHIGH-RLOW)/RHIGH .GT. TOL) THEN

INTEGRAL:EVALT(RADIUS)
IF(ASSINTEGRAL - 0.5) .LT. TOL) GOTO 75
IF(INTEGRAL .GT. 0.5) THEN

RHIGH =RADIUS
TPHIGH=INTEGRAL

ELSE
RLOW=RAD IUS
TPLOW=INTEGRAL
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END IF
RADIUS=RLOW.(RNIGH.RLOW)*CRAT JO
IF (ICNT .GE. 150) THEN

PRINT*, 'COUNT EXCEEDED'
GOTO 75

END IF
GOTO 60
END! F

75 CONTINUE
R=RADIUS
RETURN
END

REAL FUNCTION EVAL7(RAD)

* EVALUATES THE AREA COVERAGE BY TRIVARIATE NORMAL FOR INPUT R

INCLUDE 'CON DEF'
INCLUDE 'SEPCOM DEF'
REAL ANS, LOWER,UPPER,RAD
EXTERNAL RAPFC3,RAPLOW,RAPUP
RADIUS=RAD
LOWER=O.O
UPPER=6.2831853
CALL DTWODQ(RAPFC3,LOWER,UPPER,RAPLOW,RAPUP,ERRABS,ERRREL,IRULE,
C ANS,ERREST)

EVALT=ANS
RETURN
END

REAL FUNCTION RAPLOW(X)
REAL X
RAPLOW=O.O
RETURN
END

REAL FUNCTION RAPUP(X)
REAL X
RAPUP=3. 1415927
RETURN
END

REAL FUNCTION RAPFC3(THETA,PHI)

* FUNCTION USED TO FIND SEP

REAL CP,SP,CT,ST,AA,SA,SAM1 .BB,B2DA,ERFARG,EXPARG,THETA,PI
INCLUDE 'CON DEF'
INCLUDE 'SEPCOM DEFI
EXTERNAL ERF
CP=COS( PH 1)
CT =COS(CT HETA )
SP=SIN( PH 1)
ST=SIN(THETA)
AA=(CXX*SP*SPCTCT*CTCYY*SP*SP*ST*STCZZ*CP*CP)/2 .0
SA=SQRT(AA)
SAM1=1 .0/SA
B9=(CXXMN(1 )*SP*CT+CYY*MN(2)*SP*STCZZ*MN(3)*CP)/2.0
82DA=86*88/AA
ERFARG=SA*RAD IUS+SAM1*8B
EXPARG=-AA*RADIUS*RADius-2.0*88*RADIUS-B2DA
IF (EXPARG .GT. -32.0) THEN

F=ERF(ERFARG)*SAM1*(0.5+82DA) .EXP(EXPARG)*(RADIUS.BB/AA)
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C *SOP I NV
ELSE

F =ER F (ER FARG )*SAM 1*( . 5+B2DA )
END IF
ER FAR G= SAM 1*BB
EXPARG=-B2OA
IF (EXPARG .GT. -32.0) THEN

F=F-ERF(ERFARG)*SAM1*(O.5+82DA)-EXP(EXPARG)*(88/AA)*SQPI INV
ELSE

F=F .ERF(ERFARG)*SAMI*(0.5+B2DA)
ENDIF
EXPARG=B2DA- C
IF (EXPARG .GT. -32.0) THEN

F=F*CSANT*EXP(EXPARG)*SP/AA
IF(F .LT. 0.000000000000001) F=0.0

ELSE
F =0.0

END IF
RAPFC3=F
RE TURN
END

SUBROUJTINE DT1VAL (DTI,SEPMU,SEPSIG)

*SETS THE VALUES OF THE MATRIX DTi AND THE VECTORS SEPMU AND
*SEPSIG.

INCLUDE 'COM DEFI
INCLUDE IWVEC DEF'
REAL OT1(1O,9),SEPMU(3),SEPSIG(6)
INTEGER I,J
DO 100 1=1,9

DO 200 J=1,9
IF (I .NE. J) THEN

DT1C I,J)0O.O
ELSE

DT1(I,J)=1.O
END IF

200 CONTINUE
100 CONTINUE

DT10, 1 )W(8)/W(5)
DT1(10,2)=W(10)/W(5)
DT1(10.3)-W(6)/(2.0*W(5))
DT1(1O,4)=(R/(8.O*W(5)))*(4.0*SIGINV(1 )*W(9)+2.0*SIGINV(2)*W(11)
C +SIGINV(3)*(W(l).W(2)))-(W(8)/(2.0*W(5)))*
C (SIGINV(1)*MU(1)4SIGINV(2)*14U(2)+SIGINVC3)*MU(3))
DT1( 10,5 ) (R/(4. 0*W(5)) )(2. O*SIGIN V(1)*W( 11)44. O

4 SIGIN V(2 )*W( 12)
C ,SIGINV(3)*(W(3V-W(4)))-(W(1)W(5))*
C (SIGINV(1)*NU(1)+SIGINv(2)*mu(2)+SIGINV(3)*mu(3))
DT1(10,6)=(R/(4.0*W(5)))*(SiGINV(1)*(W(1)-W(2))+SIGINV(2)*(W(3)
C -W(4))+SIGINV(3)*(W(7)+W(5)))-(W(6)/(2.0*W(5)))*
C (SIGINV(1)*MU(1)+SIGINV(2)*tJ(2)+SIGINV(3)*Nu(3))
DT1(10,7)=(Rf(8.0*W(5)))*(2.0*SIGINV(2)*W(11)+4.0*SIGINV(4)
C *W(12),SIGINV(5)*(W(3)-W(4)))-(W(10)/(2.0*W(5)));
C (SIGINV(2)*NU(1),SIGINV(4)*MUJ(2),SIGINV(5)*MU(3))

C -W(4))4SIGINV(5)*(W(7)+w(5)))-(W(6)/(2.0*W(5)))*
C (SIGINV(2)*MU(1)+SIGINV(4)*NU(2)+SIGINV(5)*MU(3))

C -W(4))+SIGINV(6)*(W(7)+W(5)))- (W(6)/(4.O*W(5)))*
C (SIGINV(3)*NU(1)4SIGINV(5)*MU(2)4SIGINV(6)*MUj(3))
DO 10 1=1,3

SEPMU( I) =OT1(10, 1)
10 CONTINUE

DO 20 1=1,6
SEPSIG(I ):OT1(10,1+3)
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20 CONTINUE
RETURN
END

SUBROUTINE DT2VAL(DT2)

* SETS THE VALUES OF THE MATRIX DT2. THE VECTORS Al AND 81 ARE
* IN THIS SUBROUTINE AND THEN PASSED TO THE SUBROUTINE FIXMAT,
* WHICH ACTUALLY SETS THE VALUES OF DT2.

INCLUDE 'COM DEF'
INCLUDE IWVEC DEF'
REAL DT2(22,1O),SIGM(3,3),TEMP(3),ANS(3),B1(3),Al(6)
INTEGER I,J
DO 100 1=1,10

DO 200 J=1,10
IF (I NME. J) THEN

DT2(I .J)0O.O
ELSE

DT2(I,J)=l.0
END IF

200 CONTINUE
100 CONTINUE

SIGM(1,1)=SIGINV(1)
SIGM(1,2)=SIGINV(2)
SIGM(1.3)=SIGINV(3)
SIGM(2.1 )SIGINV(2)
SIGM(2,2)=SIGINV(4)
SIGM(2,3)=SIGINV(5)
SIGM(3, 1 )SIGINV(3)
SIGM(3,2)=SIGINV(5)
SIGM(3,3)=SIGINV(6)

Bl(1)=SC(2)/2.O
Bl(2)=SS(3)/4.O
B1(3)=CC(1O)
Al(l)=CC( 2) -CCC12)

A1(3)=2.O*(SC(1 )-W(9))
A1(4)=W(1 )-CC(17)-CC(2)+CC(12)
Al(5)=SS(l)-W(11)
Al(6)=CCC 17)

CALL FIXMAT(Al,B1,11,DT2,SIGM)
B (1)=(SC(5)-SC(2))/2.O
B1(2)=(SS(7)-SS(3))/4.0
91 (3)=(CC(6)+CC(3))/2.O
Al(1)=(2.O*CC(5)-CC(9)-CC(2))/4.0
A1(2)=(2.0*W(4)CS()W(3)-2.*CS(5)+CS(9)+CS(2))/2.O
A1(3)=(SC(7)-SC(1 ))/2.O
A1(4)=(2.O*W(2).CC(8).W( )-2.O*CC(5)+CC(9).CC(2))/4.O
A1(5)=(SS(9)-SS(1 ))/4.O
A1(6)=(CC(8).2.O*W(2)+W(1 ))/4.O

CALL FIXMAT(A1,81,12,DT2,SIG4)
81(1)=SS(3)/4.0
Bl(2)=SS(4)/2.O
BI(3)=CS(1O)
A1(t)=W(3)-CS(17)-CS(2).CS(I1)
Al(2):2.O*(W(1 )-CC(2)-CC(17)+CC(12))
A1(3)=SS(l)-W(11)
A1(4)=CS(2)-CS(I1)
A1(5)=2.0*(SS(2)-W( 12))
AI(6)=CS( 17)

CALL FIXMAT(AI,61,13,DI2,1014)
81(l)=(SS(7)-SS(3))/4.O
81(2)=(SS(8)-SS(4))/2.0
B1(3)=(CS(6).CS(3))/2.0

A1(2)=C2.O*W(2)-2.0*CC(5)-CC(8),CC(9)-W(1)+CC(2))/2.0
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A1(3)=(SS(9)-SS(l ))/4.0
Al(4):(2.O*CS(5)-CS(9)-CS(2))/4.0
Al(5)=(SS(10)-SS(2))/2.0
Al (6)=(CS(8)+2.O*W(4)+W(3))/4.0

CALL FIXMAT(AlBl,14,DT2,SIG4)
Bl(l)=W(8)
61(2)=W(10)
91(3 )=W( 6)/2-~0
Al(l)=W(9)

A()W11)
Al(3)=2.O*(W(l)-CC(17))
Al (4 )=W(12)
Al(5)=2.0*(W(3)-CS(l7))
Al(6)=W(5)-SC(9)

CALL FIXMAT(Al,8l.15,DT2,SIG4)
*1(l)aCW(l)-W(2))/2.O
9l(2)-(W(3)-W(4))/2.0
B1(3)=(W(7)+W(5))/2.0

Al(2)-(2.0*SS(3)-SS(7))/4.0
Al(3)-(2.0*W(8)+CC(3)-CC(6))/2.0
Al(4)-(2.0*SS(4)-SS(8))/4.0
Al(5)-(2.0*W(10),CS(3V-CS(6))/2.0
Al(6)=(2.0*W(6)+SC(4))/4.0

CALL FIXPAT(Al,Bl,l6,DT2,SIG4)
91(1 )(CC(3)-CC(6))/2.0
61(2)=(CS(3)-CS(6))/2.O
81(3)=(SC(4)+W(6))/2.0

Al(2)=(2.0*SS(5)-SS(l)-SS(9))/4.0
Al(3)=(W(l )-CC(8))/2.0
Al(4)=(2.0*SS(6)-SS(2)-SS(10))/4.0
Al(5)-(W(3)-CS(8))/2.0
Al(6)=(SC(6)+2.0*W(7)+W(5))/4.0

CALL FIXMAT(AlBll7,DT2,SIGM)
8l(1)=W(9)
81(2)=W(11)/2.0
BI(3)=W(l)-CC(l7;
Al(l)sSC( 12)
Al(2)=2.0*(SS(12)-SS(14))
Al(3)=(2.0*SC(2)-SC(5))/4.0

Al(5)=(2.0*SS(3)-SS(7))/8.0
Al(6)=W(8)- SC( 10)

CALL FIXMAT(tl,8l,18,DT2,SIG4)

B1(2)=SS(ld)-SS(14)
Bl(3)=(2.0*SC(2)-SC(5))/8.0
Al(l)=SC( 16)
Al(2)=(SS(16)+2.0*SS(15))/4.0
Al(3)=2.0*(CC(Z)-2.0*CC(l2)+CC(16))
Al(4)=SS(17)-SS(18)
A1(5)=2.0*(W(3)-CS(2)-2.0*CS(l7) ,?.0*CS( 1 ).CS(13)-CS(16))
Al(6)=W(9)-SC(15)

CALL FIXMAT(Al,Bl,19,DT2,SIGM)
91(1)=W(11)12.0

62=W12)
11(3)=W(3)-CS(17)
Al(l)=SS(12)-SS(14)
Al(2 ) :20*( SC( 10) -SC( 12))
Al(3)=(2.0*SS(3)-SS(7))/8.0
A1(4)=SS(14)
Al(5)=(2.0*SS(4)-SS(8))/4.0
Al(6)=W(10)-SS(12)

CALL FIXMAT(A.1,20,DT2,SIGM)

81(3)=(2.O*SS(3)-SS(7))/8.0
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A1(1 )=(SS(16)+2.O*SS(15))/4.O
A1(2)=(2.O*SC(15) ' C(14)-SC(13))/2.O
A1(3)=CS(1 )+W(3)-2.O*CS(18)-2.O*CS(17)+CS(14)+CS(13)

A1(5 )W( 1)-CC(l)-2. O*CC( 17)+2.O tCC(11)+CC( 14)-CC( 15)
A1(6)=W(11)-SS(15)

CALL FIXMAT(A1,B1,21,DT2,SIGM)
B1(1)=SC(1O)-SC(12)
B1(2)=SS(14)
81(3)=(2.O*SS(4)-SS(8))/B.O
Al(l)=SS(17)-SS(18)
A1(2)=(2.O*SS(15)-SS(16))/4.0
A1(3)=2.D*(W(1 )-CC(2)-2.O*CC(17)+2.O*CC(12)+CC(l4)-CC(16))
Al(4)=SS(18)
Al(5 )=2. 0* (CS(2) -2. O*CS( 11)+CS( 16))
A1(6)=W(12)-SS(17)

CALL FIXMAT(A1,B1,22,DT2,SIGM)
RETURN
END

SUBROUTINE FIXMAT(A1,B1,N,DT2,SIGM)

*SETS THE VALUES OF DT2, GIVEN Al, B1, SIGMA INVERSE (SIGM)
*AND THE ROW NUMBER TO BE SET AS INPUTS.

INCLUDE 'WVEC DEF'
INCLUDE 'CON DEF'
REAL DT2(22, 1O),SIGM(3,3),A1(6),Bl(3),A2(6),A3(6),A4(3),MSUM(6)
C ,G(6),ANS(3)
INTEGER N,!
DO 100 1=1,3

A4dI )B1(1)*R-MU(I )*W(N.1O)
100 CONTINUE

CALL MXTMLT(SIGM,A4,ANS,3,3,1)
DT2(N,1 )=ANS(1)
DT2(N,2)=ANS(2)
DT2(N,3)=ANS(3)
A2(1)=B1(1)*MU(1)
A2(2)B81(2)*MU(1)+R1(1 )*MU(2)
A2(3)=B1(3)*MU(1 )+B1(1 )*NU(3)
A2(4)=B1(2)*MtU(2)
A2(5)=61(3)*MU(2)*B1(2)*MU(3)
A2(6)=61(3)*MU(3)
DO 200 1=1,6

MSUM( I)=R*A1( I)-A2( I)
200 CONTINUE

CALL MXTMLT(SIGINV,MSUIM,ANS,1,6,1)
DT2(N,10)=-ANS(1)
A3(1 )W(N- 1O)*(MU(1 )**2)
A3(2)=2.0*W(N. 1O)*MU(1 )*MU(2)
A3(3)=2.0*W(N 1O)*MU(1 )*MU(3)
A3(4)=W(N- 1O)*(MU(2)**2)
A3(5)=2.0*W(N- 1O)*NU(2)*MU(3)
A3(6)=W(N- 10)*(MUJ(3)**2)
DO 300 1=1,6

MSUM(I)=(R**2)*Al~l).2.*RA2(1)+A3(i)
300 CONTINUE

G(1)=SIGINV(1)*SIGINV(1)
G(2)-SIGINV(2)*SIGINV(1)
G(3)=SIGINV(3)*SIGIMV(1)
G(4)=SIGINV(4)*SIGINV( 1)-SIG(6)/DET
G(5)=SIGINV(S)*SIGINV(1 )+SIG(5)IDET
G(6)=SIGtNV(6)*SIGiNV( ) -SIG(4)/DET
CALL MXTMLT(G,MSL14,ANS,1,6,1)
DT2(N,4)=(ANS(1)-W(N.1O)*SIGINV(1 ))/2.0
G(1I)=SIGINV(1 )*SIGINV(2)
G(2)=SIGINV(2)*SIGINV(2).SIG(6)/(2.0*DET)
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G(3)=SIGINV(3)*SIGINV(2).SIG(5)/(2.O*DET)
G(4)=SIGINV(4)*SIGINV(2)
G(5)=:;IGINV(5)*SIGINV(2).SIG(3)/(2.O*DET)
G(6)=SIG'NV(6)*SIGINV(2),SIG(2)/DET
CALL MXTMLT(G,MSU#4,ANS,1,6,1)
DT2CN,5)=ANS(1 )-W(N-10)*SIGINV(2)
G(1)=SIGINV(1 )SIGINV(3)
G(2)=SIGINV(2)*SIGINV(3)-SIG(5)/(2.0*DET)
G(3)=SIGINV(3)*SIGINV(3),SIG(4)/(2.0*0ET)
G(4)=SIGINV(4)*SIGINV(3)+SIG(3)/DET
G(5)=SIGINV(5)*SIGINV(3)-SIG(2)/(2.O*DET)
CC 6)=S IGIN V(6 )*5 lIN V(3)
CALL MXTMLT(G,MSUM,ANS,1,6,1)
DT2(N,6)=ANS(1 )-W(N- 10)*SIGINI (3)
G(1 )=SIGINV(1 )*SIG1NV(4)-SIG(6)/DET
G(2)=SIGINV(2)*SIGINV(4)
G(3)=SIGINV(3)*SIGINV(4)+SIG(3)/DET
GC4)=SIGINV(4)*SIGINV(4)
G(5)=SIGINV(5)*SIGINV(4)
G(6)=SIGINV(6)*SIGINV(4).SIG(I)I0ET
CALL MXTMLT(G,MSUM,ANS,1,6,1)
0T2(N,7)=(ANS(1 )-W(N-1O)*SIGINV(4))/2.0
G(1 )SIGINV(1 )*SIGINV(5)+SIG(5)/DET
G(2)=SIG!NV(2)*SIGINV(5).SIG(3),(2.0*0ET)
G(3)=SIGINV(3)*SIGINV(5).SIG(2)/(2.0*DET)
G(4)=SIGINV(4)*SIGINV(5)
G(5)=SIGINV(5)*SIGINV(5)+SIG(1 )/(2.0*DET)
G(6)=SIGINV(6)*SIGINV(5)
CALL MXTMLT(G,MSUI4,ANS,1,6,1)
DT2(N,8)=ANS(l)-W(N-1O)*SIGINV(5)
0(1 )=SIGINV( 1)*SIGINV(6).SIG(4)/OET
G(2)=SIGINV(2)*SIGINV(6)+SIG(2)/DET
G(3)S IG IN V(3)*IC IN V(6)
G(4)=SIGINV(4)*SICINV(6) -SIG( 1)/DET
G(5)=SIGINV(5)*SIGINV(6)
G(6)=SIGINV(6)*SICINV(6)
CALL MXTMLT(G,MSUM,ANS,1,6,1)
0T2(N,9)=(ANS(1 ).W(N.10)*SIGINV(6))/2.0
RETUR N
El-D

SUBROUTINE DT3VAL(DT3)

*SETS THE VALUES OF THE MATRIX DT3

INCLUDE 'COM DEF'
INCLUDE 'WVEC DEF'
REAL DT3(9,22) ,U41 ,U42,U43,U51 ,U52,U61 ,U62,U7l ,U72,U73,U2' ,U82,
C U91,U92,U93
INTEGER I,J
DO 100 1=1,3

DO 200 J=1,22
0T3(I ,j)=O.0

200 CONTINUE
100 CONTINUE

DT3( 1,15)=-W(8)/(W(5)**2)
DT3(1 ,18)=1 .0/W(5)
DT3(2,15)=-W(10)/(W(5)**2)
DT3(2,20)=1 .0/W(5)
DT3(3, 15)=-.0.5*W(6)/(W(5)**2)
DT3(3, 16)=0.5/W(5)
U41=R*(2.O*SIGINV(1)*W(9),SIGINV(2)*W(11 )+0.5*SICINV(3)*(W(1)
C -W(2)))/(4.0*W(5))
U42=W(8)/(2.0*W(5))
U43=SIGINV(1)*MU(1).SIGINV(2)*MU(2)+SICINV(3)*MU(3)
U4=U41-U42*U43
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DT3(4,1)=.SIGINV(1)*U42
013(4,*2 )=-SI GI NV( 2)*U42
DT3(4,3)=.SIGINV(3)*U42
u51=R*(SIGINV(1 )*W(11)+2.0*SIGINV(2)*W(12)+0.5*SIGINV(3)*(W(3)
c -W(4)))/(2.0*W(5))
U52=iJ(10)/W(5)
U5=U51-U52*U43
DT3(5,1)=-SIGINV(1)*U52
DT3(5,2)=-SIGINV(2)*U52
DT3(5,3)=-SIGINV(3)*U52

C *(W(7)+W(5)))/(4.0*W(5))
U62=W(6)/(2.0*W(5))
U6=U61-U62*U43
DT3(6 1)=.SIGINV(1)*U62
DT3(6,2)=.SIGINV(2)*U62
DT3(6,3)=.SIGINV(3)*U62
U71=R*(SIGINV(2)*W(11)+2.0*SIGINV(4)*W(12)+0.5*SIGIN(5)

c *(W(3)-W(4)))/(4.0*W(5))
U72=W(10)/(2.0*W(5))
U73=SIGINV(2)*MU(1 )+SIGINV(4)*P4U(2),SIGINV(5)*4U(3)
U7=U71-0U2*u73
DT3(7,1 )=-SIGINV(2)*U72
DT3(7,2)=SIGINV(4)*u72
DT3(7,3)=-SIGINV(5)*U72
U81=R*(SIGINV(2)*(W(1)-W(2))+SIGINV(4)*(W(3)-W(4)).SIGINV(5)
c *(W(7)+W(5)))/(4.0*W(5))
U82=W(6)/(2.0*W(5))
U8=U81 -U82*U73
013(8,1 )=SIGINV(2)*U82
DT3(8,2)=-SIGINV(4)*U82
DT3(8,3)=.SIGINV(5)*U82
u91=R*(SIGINV(3)*(W( )-W(2))+SIGINV(5)*(W(3)-W(4))+SIGINVf6)
C *(W(7)4W(5)))/(B.0*W(5))
U92=W(6)/(4 .0*W(5))
U93=SIGINV(3)*Mu(1 )+SIGINV(5)*MU(2)+SIGJNV(6)*MU(3)
U9=U91 U2*u93
DT3(9, 1 )=SIGINV(3)*U92
DT3(9,2)=-SIGINV(5)*U92
f)T3(9,3)=-SIGINV(6)*U92

TEMP2=(0.25*R*(W( )-W(2))-MU(3)*W(8))/(2.0*W(5))
TEMP3 (R*W(9)-MU(1)W())/(2.0*W(5))
DT3(4,4)=.SIGINV(1)*U4
DT3(4,5)=-2.0*SIG INV(2)*U4-(SIG(6)*TEMPI.SIG(5)*TEMP2)/DET
DT3(4,6)=.2.0*SIGINV(3)*U4. (SIG(4)*TEMP2-SIG(5)*TEMP1 )/DET
DT3(4,7)=-SIGINV(4)*u4. (SIG(3)*TEMP2-SIG(6)*TEMP3)/DET
DT3(4,8)=-2.0*SIGNV(5)*U4. (2.0*SIG(5)*TEMP3-SIG(3)*TEMP1 -SIC,,2)
C *TEMP?)/DET
073(4,9)r-SIGIWV(6)*U4-(SIG(2)*TEMP1 -SIG(4)*TEMP3)/DET
TEMP 1=(R*W(12)-MU(2)*W(1O))/W(5)
TEMP2=(0.25*R*(W(3).W(4))-MU(3)*W(1O))/W(3)
TEMP3=(R*W(11 )/2.O-MU(1)*W(10))/W(5)
DT3(5,4)=-SIGINV(1 )*U'5
DT3(5,5)=-2.0*sIGINV(2)*U5.(SIG(6)*TEMP1 -SIG(5)*TEMP2)/DET
DT3(5,6)=-.0*SIGINV(3)U5(SIG(4)*TEMP2SIG(5)*TEMP1 )/DET
DT3(5,7)=-SIGINV(4)*U5-(SIG(3)*TEMP2-SIG(6)*TE4P3)/0ET
DT3(5,8)=-2.O*SIGINV(5)*U5.(2.0*SIG(5)*TEMP3.SIG(3)*TEMPl SIG(2)
C *,EMP2)/DET
DT3(5,9)=-SIGINV(6)*U5-(SIG(2)*TEMP1 SIG(4)*TEMP3)/OET
DT3(7,4)=-SIGINv(l)*u7- (SIG(5)*TEmp2.SIG(6)*TEMP1)/(2.O*DET)
DT3(7,5)=-2.O*SIGINV(2)*U7. (SIG(6)*TEMP3.SIG(3)*TEMP2)/(2.O*DET)
0T3(7,6)=-2.O*SIGIV(3)U7-(2.O*SIG(3)TEMPI SIG(5)*TEMIP3.SlG(2)
C *TEMP2)/(2.0*DET)
DT3(7,7)- -SIGINV(4)*U7
DT3(7,8)=-2.0*SIGINV(5)*U7-(SIG(1)*TEMP2.SIG(3)*TEMP3)/(2.OtDET)
DT3(7,9)=-SIGTNV(6)*U7-(SIG(2)*TEMP3.SIG(1,*TEMP1)/(2.0*DET)
TEMP 1=(R*(W(3)-W(4))/2.0.MU(2)*W(6))/(2.0*W(5))
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TEMP2=(R*(W(7)+W(5))/2.0-MU(3)*W(6))/(2.0*W(5))
TEMP3=(R*(W(l)-W(2))/2.0-MU(1)*W(6))/(2.0*W(5))
DT3(6,4)=-SIGINV(I)*U6
DT3(6,5)=-2.0*SIGINV(2)*U6-(SIG(6)*TEMPl-SIG(5)*TEMP2)/DET
DT3(6,6)=-2.0*SIGINV(3)*U6-(SIG(4)*TEMP2-SIG(5)*TEMP1)/DET
DT3(6,7)=-SIGINV(4)*U6-(SIG(3)*TEMP2-SIG(6)*TEMP3)/DET
DT3(6,8)=-2.0*SIGINV(5)*U6-(2.0*SIG(5)*TEMP3-SIG(3)*TEMPl-SIG(2)
C *TEMP2)/DET
DT3(6,9)=-SIGINV(6)*U6-(SIG(2)*TEMPl-SIG(4)*TEMP3)/DET
DT3(8,4)=-SIGINV(1)*U8-(SIG(5)*TEMP2-SIG(6)*TEMP1)/DET
DT3(8,5)=-2.0*SIGINV(2)*U8-(SIG(6)*TEMP3-SIG(3)*TEMP2)/DET
DT3(8,6)=-2.0*SIGINV(3)*U8-(2.0*S!' (3)*TEMPl-SIG(5)*TEMP3-SIG(2)
c *TEMP2)/DET
DT3(8,7)=-SICINV(4)*U8
DT3(8,8)=-2.0*SIGINV(5)*U8-(SIG(1)*TEMP2-SIG(3)*TEMP3)/DET
DT3(8,9)=-SIGINV(6)*U8-(SIG(2)*TEMP3-SIG(1)*TEMP1)/DET
DT3(9,4)=-SIGINV(1)*U9-(SIG(5)*TEMPI-SIG(4)*TEMP2)/(2.0*DET)
DT3(9,5)=-2.0*SIGINV(2)*U9-(2.0*SIG(2)*TEMP2-SIG(3)*TEMPl-SIG(5)
C *TEMP3)/(2.0*DET)
DT3(9,6)=-2.0*SIGINV(3)*U9-(SIG(4)*TEMP3-SIG(2)*TEMP1)/(2.O*DET)
DT3(9,7)=-SIGINV(4)*U9-(SIG(3)*TEMP3-SIG(1)*TEMP2)/(2.0*DET)
DT3(9,8)=-2.0*SIGINV(5)*U9-(SIG(I)*TEMPl-SIG(2)*fEMP3)/(2.0*DET)
DT3(9,9)=-SIGINV(6)*U9
DT3(4,10)=U41/R
DT3(5,10)=U51/R
DT3(6,10)=U61/R
DT3(7,10)=U71/R
DT3(8,10)=U81/R
DT3(9,10)=U91/R
DO 300 1=4,9

DO 400 J=11,22
DT3(1,J)=O.O

400 CONTINUE
300 CUNIINUE

DT3(4,11)=(R*SIGINV(3))/(8.0*W(5))
DT3(4,12)=-DT3(4,11)
DT3(4,15)=-U4/W(S)
DT3(4,18)=-U43/(2.0*W(5))
DT3(4,19)=(R*SIGINV(I))/(2.0*W(5))
DT3(4,21)=(R*SIGINV(2))/(4.0*W(5))
DT3(5,13)=(R*SIGINV(3))/(4.0*W(5))
DT3(5,14)=-DT3(5,13)
DT3(5,15)=-U5/W(5)
DT30,20) -U43/W(5)
DT3(5,21)=DT3(4,19)
DT3(5,22)=(R*SIGINV(2))/W(5)
DT3(6,11)=(R*SIGINV(1))/(4.0*W(5))
DT3(6,12)=-DT3(6,11)
DT3(6,13)=DT3(4,21)
DT3(6,14)=-DT3(6,13)
OT3(6,17)=(R*SIGIWV(3))/(4.0*W(S))
DT3(6,15)=-U6/W(5)+DT3(6,17)
DT3(6,16)=-U43/(2.0*W(5))
DT3(7,13)=(R*SIGINV(5))/(8.0*W(5))
DT3(7,14)=-DT3(7,13)
DT3(7,15)=-U7/W(5)
DT3(7,20)=-U73/(2.0*W(5))
DT3(7,21)=DT3(4,21)
DT3(7,22)=(R*SIGINV(4))/(2.0*W(5))
DT3(8,11)=DT3(4,21)
DT3(!,12)z DT3(4,21)
DT3(8,13)=DT3(7,22)/2.0
DT3(8,14)=-DT3(8,13)
DT3(8,15)=-U8/W(5)+DT3(7,13)*2.0
DT3(8,16)=DT3(7,20)
DT3(8,17)=DT3(7,13)*2.0
OT3(9,11)=DT3(4,11)
DT3(9,12)=-DT3(9,11)
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DT3(9, 13)=DT3(7, 13)
0T3(9, 14)=-DT3(9, 13)
DT3(9,17)=(R*SIGINV(6))/(8.0*W(5))
DT3(9,15)=-U9/W(5).DT3(9, 17)
DT3(9, 16)=-U93/(4.O*W(5))
RETURN
END

SUBROUTINE M4AKES

* CREATES THE MATRICES S AND ST

INCLUDE IPMUICOM DEF'
INTEGER IJ
DO 10 1=1,9

DO 20 J=1,6
Sd ,J)=0.0

20 CONTINUE
10 CONTINUE

S(1,1)=1.O
S(2,2)zO.5
S(3, 3) =0. 5
S(4,2)rO.5
S(5,4)=1 .0
S( 6, 5 )=0.5
Sc 7,3 )=0.5
S(8,5)=0.5
S(9,6)=1 .0
DO 30 1=1,6

DO 40 J=1,9
ST(I ,J)=S(J, I)

40 CONTINUE
30 CONTINUE

RETURN
END

SUBROUTINE PPUS(INP,OUTP1,OUTP2)

* COMPUTES THE VALUES OF PMU AND PSIG

INCLUDE 'PMUCOM DEFf
INCLUDE 'COM DEF'
REAL INP(3,3),OU)TP1(3,3),PRO(9,9)TEMP(96),OUTP2(6,6)
INTEGER l,J
CALL TENSR(INP,INP,PROD,3,3,3,3)
CALL MXTMLT(PROD,S,TEMP,9,9,6)
CALL MXTMLT(ST,TEMP,OUJTP2,6,9,6)
DO 10 1=1,6

DO 20 J=1,6
OUJTP2( ,j)=(2.0*UUJTP2(I ,J))/(REAL(NUMTR)-NUMSIM)

20 CONTINUE
10 CONTINUE

DO 30 1=1,3
DO 40 Ji=1,3

OtUTP1(1I,j)-INP(1 ,J)/REAL(NUNMTR)
40 CONTINUE
30 CONTINUE

RE TURN
END
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SUBROUTINE TENSR(A,B,C,A1,A2,Bl,82)

* COMPUTES THE TENSOR PRODUCT OF A AND 8 OUPTUT TO C

INTEGER I,J,K,L,A1,A2,B1,B2
REAL A(A1,A2),B(BI,B2),C(A1*B1,A2-B2)
DO 10 1=1,Al

Do 20 J=1,A2
DO 30 K1l,B1

DO 40 L=1,62
C(KC I- 1)*'1, L+(J1I)*B2 )=A(I,J )*B(K,L )

40 CONTINUE
30 CONTINUE
20 CONTINUE
10 CONTINUE

RETURN
END

SUBROUTINE BNDEST(SEPM,PMU,PSIG,SEPMU,SEPSIG,CI)

* CALCULATES THE FIRST AND SECOND ORDER VARIANCE ESTIMATES AND
* CORRESPONDING CONFIDENCE INTERVAL SIZES

INTEGER I,J
REAL TEMP1(3,3),TE14P2(6,6),TEMP3(3,6),TEMP4(6,3),SSOMU(9),
C SSQSIG(36),SSOMSG(18),SSOSGM(18),SEPM(9,9),PSIGSQ(36,36),
C PSIG(6,6),SEPMU(3),SEPSIG(6),TEMP(36),PMUSQ(9,9),PMU(3,3),
C PMJUSIG(18, 18),PSIGMU(18, 18),CI(2),STPMU(9),STPSIG(36)
C ,BND,BNDI,BND2,SND3
DO 10 1=1,3

DO 20 J=1,3
TEMPiCI ,J)=SEPM(I ,J)

20 CONTINUE
Do 30 J=1,6

TEMP3(I,J)=SEPM(I ,J+3)
30 CONTINUE
10 CONTINUE

CALL STRING(TEMP1,SSOMU,3,3)
CALL STRING(TEMP3,SSQMSG,3,6)
DO 40 1=1,6

DO 50 J=1,3
TEMP4(I ,J)SEPM(1+3,J)

50 CONTINUE
DO 60 J=1,6

TEMP2(I ,J)=SEPM(I+3,J+3)
60 CONTINUE
40 CONTINUE

CALL STRJNG(TEMP4,SSOSG,6,3)
CALL STRING(TEMP2,SSOSIG,6,6)
CALL MXTMLT(P,SEPU,TEMP,3,3,I)
CALL MXTMLT(SEPMU,TEMP,BND,1,3,I)
CALL MXTMLT(PSIG,SEPSIG,TEMP,6,6,1)
CALL MXTMLT(SEPSIG,TEMP,BND1,1,6,1)
B ND1=8NDI+B ND
CALL TENSR(PMU,PP4U,PMUSQ,3,3,3,3)
CALL PXTMLT(PMUSQ,SSOMU,TEMP,9,9,1)
CALL MXTMLT(SSOMU.,TEMP,BND,1,9,1)
CALL TENSR(PSIG,PSIG,PSIGSQ,6,6,6,6)
CALL MXTMLT(PSIGSQ,SSQSIG,TEMP,36,36, 1)
CALL MXTMLT(SSOSIG,TEMP,BND2,1,36,1)
BN02=(SND+SNO2)12. 0
CALL TENSR(P?4U,PSIG,PMUJSIG,3,3,6,6)
CALL MXTMLT(PMqUSIG,SSQ$45G,TEMP,18,18,1)
CALL MXTMLT(5SS945G,TEMP,BND,1,18,1)
CALL TENSR(PSIG,PWUJ,PSIGU6,6,3,3)
CALL PXTMLT(PSIGtU,SSOSGMTEMP,18,18,l)
CALL MXTMLT(SSSGMTEMP,BND3,1,18,1)
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BN02=BND2+( (BND+BND3)/2.O)
CALL STRING(PMU,STPMU,3,3)
CALL STRING(PSIG,STPSIG,6,6)
CALL MXTMLT(SSGMU,STP1NU,BND,1,9,1)
CALL M4XTMLT(SSQSIG,STPSIG,BND3,1,36,1)
BND2=BND2+(((SND+BND3)**2)/4 .0)
DND=BND 1+BND2
CI (1)=1 .96*SORT(BND1)
CI(2)=l .96*SQRT(END)
RETURN
END

SUBROUTINE SrRING(A1.A2,NlNZ)

* STRINGS OUT THE MATRIX Al AS A VECTOR A2

REAL AI(Nl,N2),A2(N1*N2)
INTEGER I,N1,N2,j
DO 10 1=1,N1

DO 20 J=1,N2

20 CONTINUE=AIIJ
10 CONTINUE

RETURN
END

REAL FUNCTION HX(X,Y)
REAL X,Y,SPHER(3),TEMP
INCLUDE 'CON DEF'
SPHER(1 )=R*SIN(X)*COS(Y)-MU(1)
SPHER(2)=R*SIN(X)*SIN(Y)-mU(2)
SPHER(3)=R*COS(X) -141(3)
TEMP=.O.5*(((SPHER(1 )**2)*SIGINV(1 ))+(2.O'SPHER(1 )*SPHER(2)
C *SIGINV(2))+(2.0*SPHER(1)*SPHER(3)*SIGINV(3))
c i+((SPHER(2)**2)*SIGINV(4))+(2.0*SPHER(2)*SPiiER(3)
C *SIGINV(5)).((SPHER(3)**2)*SIGINV(6)))
IF (TEMP .GT. -27.0 ) THEN

HX=EXP(TEMP)/DENOM
ELSE

HX=0 .0
END IF
RETURN
END

REAL FUNCTION CC1111(X,Y)
EXTERNAL HX
REAL X,Y
CC1 11l=COS(X)*COS(Y)*HX(X,Y)
RETURN
END

REAL FUNCTION CC1311(X,Y)
EXTERNAL HX
REAL X,Y
CC131 1=COS(3.0*X)*COS(Y)*HX(X,Y)
RETURN
END

REAL FUNCTION CC3111(X,Y)
EXTERNAL HX
REAL X, y
CC31 1=(COScX)**3)*COS(Y)*HX(X,Y)
RETURN
END
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REAL FUNCTION CS1111(X,Y)

EXTERNAL HX
REAL X,y
CS1111=COS(X)*SIN(Y)*HX(X,Y)

RETURN
END

REAL FUNCTION CS1311(X,Y)
EXTERNAL WX
REAL X,Y

CS1311=COS(3.0OX)*SIN(Y)*HX(X,Y)
RETURN
END

REAL FUNCTION CS3111(X,Y)
EXTERNAL NX
REAL X,Y
CS3111=(COS(X)**3)*SIN(Y)*HX(X,Y)
RETURN
END

REAL FUNCTION SC1100(X,Y)
EXTERNAL MX
REAL X,Y
SC1100=SIN(X)*HX(XoY)
RETURN
END

REAL FUNCTION SC1200(X,Y)
EXTERNAL NX
REAL X,y
SC1200=SIN(2.O*X)*HX(X,Y)
RE TURN
END

REAL FUNCTION SC1300(X,Y)

EXTERNAL MX
REAL X,Y

SC1300=SIN(3.O*X)*MX(X,Y)
RETURN
END

REAL FUNCTION SC2111(X,Y)
EXTERNAL MX
REAL X,y
SC2111=(SIN(X)**2)*COS(Y)*HX(X,Y)
RETURN
END

REAL FUNCTION SC3121(X,Y)

EXTERNAL MX
REAL X,Y
SC3121=(SIN(X)**3)*(COS(Y)**2)*HX(X,Y)
RETURN
END

REAL FUNCTION SS2111(X,Y)

EXTERNAL MX
REAL X,Y

SS21 1 1(SIN(X)*2)*SIN(Y)*HX(X,Y)
RETURN
END
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REAL FUNCTION SS3112(X,Y)
EXTERNAL HX
REAL X,Y
SS3112=(SIN(X)**3)*SIN(2.0*Y)*HX(X,Y)
RETURN
END

REAL FUNCTION SS3121(X,Y)
EXTERNAL HX
REAL XY
SS3121=(SIN(X)**3)*(SIN(Y)**2)*HX(X,Y)
RET JR N
END

REAL FUNCTION CC1113(X,Y)
EXTERNAL MX
REAL X,Y
CC1113=COS CX )*COS(3.0*Y)*HX X. V)
RETURN
END

REAL FUNCTION CC1131(X,Y)
EXTERNAL NX
REAL X,Y
CC1131=COS CX *COS (Y)**)*X(X.V)
RETURN
END

REAL FUNCTION CCI211(X,Y)
EXTERNAL HX
REAL X,Y
CC121COS(2.0*X)*COS(Y)*HX(X,Y)
RE TURN
END

REAL FUNCTION CC1331(X,Y)
EXTERNAL MX
REAL X,Y
CC1331=COS(3.0*X)*(COS(Y)**3)*HX(X,Y)
RETURN
END

REAL FUNCTION CC141I(X,Y)
EXTERNAL HX
REAL X.-
CC1411 )S(4.O-X)COS(Y)*HX(X,Y)
RETURN
END

REAL FUNCTION CC1511(X,Y)
EXTERNAL MX
REAL X,Y
CC1511=COS(5.O*X)COS(Y)*HX(X,Y)
RETURN
END

REAL FUNCTION CC1531(X,Y)
EXTERNAL MX
REAL X,Y
CC1531=COS(5.O*X)*(COS(Y)*03)*HX(X,Y)
RETURN
END
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REAL FUNCTION CC2111(X,Y)
EXTERNAL HX
REAL X,Y
CC2111=(COS(X)**2)*COS(Y)*HX(X,Y)
RETURN
END

REAL FUNCTION CC3113(X,Y)
EXTERNAL HX
REAL X,Y
CC3113=(COS(X)**3)*COS(3.O*Y)*HXQX,Y)
RETURN
END

REAL FUNCTION CC3131(X,Y)
EXTERNAL NX
REAL X,Y
CC3131=(COS(X)**3)*(COS(Y )**3)*HX(X,Y)
RETURN
END

REAL FUNCTION CCS111(X,Y)
EXTERNAL MX
REAL X,Y
CC5111=(COS(X)**5)*COS(Y)*HX(X,Y)
RETURN
END

REAL FUNCTION CC5113(X,Y)
EXTERNAL MX
REAL X,Y
CC5113z(COS(X)**5)*COS(3.O*Y)*HX(X,Y)
RETURN
END

REAL FUNCTION CC5131(X,Y)
EXTERNAL HX
REAL X,Y
CC5131=(COS(X)**5)*(COS(Y)**3)*HX(X,Y)
RETURN
END

REAL FUNCTION CS1113(X,Y)
EXTERNAL MX
REAL X,Y
CS1i13=COS(X)*SIN(3.O*Y)*MX(X,Y)
RETURN
END

REAL FUNCTION CS1131(X,Y)
EXTERNAL NX
REAL X,Y
CSI 131=COS(X)*(SIN(Y)**3)*HX(X,Y)
RETURN
END

REAL FUNCTION CS1211(X,Y)
EXTERNAL MX
REAL X,Y
CS1211=COS(2.O*X)*SIN(Y)*MX(X,Y)
RETURN
END

83



REAL FUNCTION CS1331(X,Y)
EXTERNAL NX
REAL X,Y
CS1331=COS(3.O*X)*(SIN(Y)**3)*HX(XY)
RETURN
END

REAL FUNCTION CS1411(X,Y)
EXTERNAL HX
REAL X,Y
CS1411=COS(4.O*X)*SIN(Y)*MX(X,Y)
RETURN
END

REAL FUNCTION CS1511(X,Y)
EXTERNAL HX
REAL X,Y
CS1511=COS(5.O*X)*SIN(Y)*HX(X,Y)
RETURN
END

REAL FUNCTION CS1531(X,Y)
EXTERNAL MX
REAL XY
CS1531=COS(5.O*X)*(SIN(Y)**3)*4X(X,Y)
RETURN
END

REAL FUNCTION CS2111(X,Y)
EXTERNAL NX
REAL X,Y
CS2111=(COS(X)**2)*SIN(Y)*HX(X,Y)
RETURN
END

REAL FUNCTION CS3113(X,Y)
EXTERNAL NX
REAL X,Y
CS3113=(COS(X)**3)*SIN(3.O*Y)*HX(X,Y)
RETURN
END

REAL FUNCTION CS3131(X,Y)
EXTERNAL HX
REAL X,Y
CS3131=(COS(X)**3)*(SIN(Y)**3)*HX(X,Y)
RETURN
END

REAL FUNCTION CS5111(X,Y)
EXTERNAL HX
REAL X,Y
CS5111=(COS(X)**5)*SIN(Y)*HX(X,Y)
RETURN
END

REAL FUNCTIOl CS5113(X,Y)
FXTFRNAL MX
RVAL X,Y
CS5i 3=(COStX)*5*SIN(3.*Y)*HX(X,Y)
RETUPN
END
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REAL FUNLTION CS5131(X,Y)
EXTERNAL MX
REAL X,Y
CS5131=(COS(X)**5)*(SIN(Y)**3)*HX(X,Y)
RETURN
END

REAL FUNCTION SC1121(X,Y)
EXTERNAL MX
REAL X,Y
SC1121SiNtX)*(COS(Y)**2)*HX(X,Y)
RETURN
END

REAL FUNCTION SC1221(X.Y)
EXTERNAL HX
REAL X,Y
SC1221=SIN(2.O*X)*(COS(Y)**2)*HX(X,Y)
RETURN
END

REAL FUNCTION SC1321(X,Y)
EXTERNAL MX
REAL X,Y
SC1321=SIN(3.0*X)*(COS(Y)**2)*HX(X,Y)
RETURN
END

REAL FUNCTION SC1400(X,Y)
EXTERNAL MX
REAL X,Y
SC1400=SIN(4.O*X)*HX(X,Y)
RETURN
END

REAL FUNCTION SC1421(X,Y)
EXTERNAL MX
REAL X,Y
SC1421=SIN(4.O*X)*(COS(Y)**2)*1X(X,Y)
RETURN
END

REAL FUNCTION SC1500(X,Y)
EXTERNAL MX
REAL X,Y
SC1500=SIN(5.0*X)*HX(X,Y)
RETURN
END

REAL FUNCTION SC1521(X,Y)
EXTERNAL MX
REAL X,Y
SC1521=SIN(5.0*X)*(COS(Y)**2)*HX(X,Y)
RE TUR N
END

REAL FUNCTION SC3100(X,Y)
EXTERNAL MX
REAL X,Y
SC3100=(SIN(X)**3)*HX(X,Y)
RETURN
END
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REAL FUNCTION SC4111(X,Y)
EXTERNAL HX
REAL X,Y
SC4111=(SIN(X)**4)*COS(Y)*HX(X,Y)
RETURN
END

REAL FUNCTION SC4113(X,Y)
EXTERNAL MX
REAL X,Y
SC4113=(SIN(X)**4)*COS(3.0*Y)*HX(X,Y)
RETURN
END

REAL FUNCTION SC4131(X,Y)
EXTERNAL MX
REAL X,Y

SC4131=(SIN(X)**4)*(COS(Y)**3)*HX(X,Y)
RETURN
ENO

REAL FUNCTION SC5112(X,Y)
EXTERNAL HX
REAL X,Y
SC5112=(SIN(X)**5)*COS(2.O*Y)*HX(X,Y)
RETURN
END

REAL FUNCTION SC5114(XY)
EXTERNAL MX
REAL X,Y
SC5114=(SIN(X)**5)*COS(4.O*Y)*HX(X,Y)
RETURN
END

REAL FUNCTION SC5121(XY)
EXTERNAL MX
REAL X,Y
SC5121=(SIN(X)**5)*(COS(Y)**2)*HX(X,Y)
RETURN
END

REAL FUNCTION SC5141(X,Y)
EXTERNAL NX
REAL X,Y
SC5141=(SIN(X)**5)*(COS(Y)**4)*HX(X,Y)
RETURN
END

REAL FUNCTION SC1212(X,Y)
EXTERNAL MX
REAL X,Y
SC1212=SIN(2.O*X)*COS(2.O*Y)*HX(X,Y)
RETURN
END

REAL FUNCTION SC1412(X,Y)
EXTERNAL MX
REAL X,Y
SC1412=SIN(4.O*X)*COS(2.O*Y)*HX(X,Y)
RETURN
END
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REAL FUNCTION SS1112(X,Y)
EXTERNAL HX
REAL X,Y
SS1112=SIN(X)*SIN(2.O*V)*HX(X,Y)
RETURN
END

REAL FUNCTION SS1121(X,Y)
EXTERNAL MX
REAL X,Y
SS1121WSIN(X)*(SIN(Y)**2)*HX(X,Y)
RETURN
END

REAL FUNCTION SS1212(X,Y)
EXTERNAL HX
REAL X,Y
SS1212:SIN(2.O*X)*SIN(2.O*Y)*HX(X,Y)
RETURN
END

REAL FUNCTION SS1221(X,Y)
EXTERNAL NX
REAL X,Y
SS1221:SIN(2.O*X)*(SIN(Y)**2)*HX(X,Y)
RETURN
END

REAL FUNCTION SS1312(X,Y)
EXTERNAL MX
REAL X,Y
SS1312=SIN(3.O*X)*SIN(2.O*Y)*HX(X,Y)
RETURN
END

REAL FUNCTION SS1321(X,Y)
EXTERNAL HX
REAL X,Y
SS1321:SIN(3.0*X)*(SIN(Y)**2)*HX(X,Y)
RETURN
END

REAL FUNCTION SS1412(XY)
EXTERNAL MX
REAL X,Y
SS1412=SIN(4.O*X)*SIN(2.O*Y)*HX(X,Y)
RETURN
END

REAL FUNCTION SS1421(X,Y)
EXTERNAL NX
REAL X,Y
SS1421:SIN(4.O*X)*(SIN(Y)**2)*HX(X,Y)
RETURN
END

REAL FUNCTION SS1512(X,Y)
EXTERNAL HX
REAL X~y
SS1512=SIN(5.O*X)*SIN(2.O*Y)*HX(X,Y)
RETURN
END
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REAL FUNCTION SS1521(XY)
EXTERNAL HX
REAL X,Y
SS1521=SIN(,.0*X)*(SIN(Y)**2)*HX(X,Y)
RETURN
END

REAL FUNCTION SS4111(X,Y)
EXTERNAL HX
REAL X,Y
SS41 1 1(SIN(X)**4)*SIN(Y)*HX(X,Y)
RETURN
END

REAL FUNCTION SS4113(X,Y)
EXTERNAL WX
REAL X,Y
SS41 13=(SIN(X)**4)*SIN(3.O*Y)*HX(X,Y)
RETURN
END

REAL FUNCTION SS4131(X,Y)

EXTERNAL MX
REAL X,Y
SS4131=(SIN(X)**4)*(SIN(y)**3)*HX(X,Y)
RETURN
END

REAL FUNC ION SS5112(X,Y)
EXTERNAL HX
REAL X,Y
SS5112=(SIN(X)**5)*SIN(2.O*Y)*HX(X,Y)
RETURN
END

REAL FUNCTION SS5114(X,Y)
EXTERNAL MX
REAL X,Y
SS51 14=(SIN(X)**5)*SIN(4.0*Y)*HX(X,Y)
RETURN

END

REAL FUNCTION SS5121(X,Y)
EXTERNAL MX
REAL X,Y
SS5121(SINX**5*(SIN(Y**2*HXX,Y
RETURN
END

REAL FUNCTION SS3141(X,Y)

EXTERNAL MX
REAL X,Y
SS5141=(SIN(X)**5)*(SIN(Y)**4)*HX(X,Y)
RETURN
END

CON DEF
REAL R,SIG(6),SIGiNV(6),DET,DENY4,NU(3),PI ,A,B,ERRABS,ERRREL
C *MSIG(3,3) ,MUSET(3),SIGSET(3,3) ,SEPSET4

INTEGER IRULE,ISEED,NU4TR
CcOMON/COM1/R,SIG,SIGINV,DET,DENOM,MU,ERRABS,ERRREL,4SIG,
C MUSET,SIGSET,SEPSET, IRULE,NUMTR, ISEED
PARAP4ETER(PI=3. 141592')
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WVEC DEF
REAL W(12),CC(17),CS(18),SC(19),SS(18)
COMMON/WCC/W, CC, CS, SC, SS

PMUCCM DEF
REAL S(9,6),ST(6,9),NUMSIM
COMMON/COM3/S,ST ,NUt4SIM

SEPCOM DEF
REAL CXX,CYY,CZZ,SQPHINV,QUPITW,CSANT,C,RADIUS,MN(3)
CCNI4ON/c0142/CXX,CYY, CZZ,CSANT,C, RADIUS,MN
PARAMETERCSQPI INV=O.5641896,QUPITWO0.0562697

7)
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